WEAK EQUIVALENCE AND NON-CLASSIFIABILITY OF MEASURE 

PRESERVING ACTIONS 



ROBIN D. TUCKER-DROB 

Abstract. Abert- Weiss have shown that the Bernouhi shift sp of a countably infinite group 
. r is weakly contained in any free measure preserving action a of F. Proving a conjecture of 

^SJ ■ loana we estabhsh a strong version of this result by showing that sr x a is weakly equiva- 

5^ . lent to a. Using random Bernoulli shifts introduced by Abert- Glasner-Virag we generalized 

this to non-free actions, replacing sp with a random Bernoulli shift associated to an in- 
. variant random subgroup, and replacing the product action with a relatively independent 

joining. The result for free actions is used along with the theory of Borel reducibility and 
Hjorth's theory of turbulence to show that the equivalence relations of isomorphism, weak 
isomorphism, and unitary equivalence on the weak equivalence class of a free measure pre- 
serving action do not admit classification by countable structures. This in particular shows 
that there are no free weakly rigid actions, i.e., actions whose weak equivalence class and 
isomorphism class coincide, answering negatively a question of Abert and Elek. 

We also answer a question of Kechris regarding two ergodic theoretic properties of resid- 
ually finite groups. A countably infinite residually finite group T is said to have property 
EMD* if the action pr of F on its profinite completion weakly contains all ergodic measure 
preserving actions of F, and F is said to have property MD if t x pr weakly contains all mea- 
sure preserving actions of F, where t denotes the identity action on a standard non-atomic 
probability space. Kechris shows that EMD* implies MD and asks if the two properties 
are actually equivalent. We provide a positive answer to this question by studying the 
relationship between convexity and weak containment in the space of measure preserving 
actions. 
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1. Introduction 

By a measure preserving action of a countable group F we mean a triple (F, a, (X, /i)), 
which we write as F r^" (X, /i), where (X, /i) is a standard probability space (i.e., a standard 
Borel space equipped with a Borel probability measure) and a:FxX— )-Xisa Borel action 
of F on X that preserves the Borel probability measure /i. In what follows all measures are 
probability measures unless explicitly stated otherwise and we will write a and b to denote 
the measure preserving actions F rx"" (X, /i) and F rx'' (Y, v) respectively when the group 
F and the underlying probability spaces (X, yu) and (F, v) are understood. Given measure 
preserving actions a = T r\°- (X, /i) and h = T nJ' {Y, u), we say that a is weakly contained 
in b, and write a -< 6, if for every finite partition Aq, . . . , Ak-i of X into Borel sets, every 
finite subset F C F, and every e > 0, there exists a Borel partition Bq, . . . , Bk-i of Y such 
that 

\^i{rAnA,)-ly{^'B,nB,)\<e 

for all 7 G -F and < i,j < k. We write a ~ b if both a -< b and b -< a, in which 
case a and b are said to be weakly equivalent. The notion of weak containment of measure 
preserving actions was introduced by Kechris |KelOj as an ergodic theoretic analogue of weak 
containment for unitary representations. 

Weak containment of unitary representations may be defined as follows (see |BdlHV0i8| 
Appendix F]). Let tt and p be unitary representations of F on the Hilbert spaces "K^^ and "Kp 
respectively. Then tt is weakly contained in p, written vr -< p, if for every unit vector ^ in 
JCtt, every finite subset F C F, and every e > 0, there exists a finite collection rjo, . . . , rjk-i of 
unit vectors in "Kp and nonnegative real numbers ao, . . . , ak-i with Yl'i=o — ^ such that 

fc-i 

i=0 
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for all 7 G -F. Each unit vector ^ G H.,^ gives rise to a normalized positive definite function on 
r defined by 7 i— )■ (7r(7)^,^). We call such a function a normalized positive definite function 
realized in ir and we may rephrase the definition of vr -< p accordingly as: every normalized 
positive definite function realized in vr is a pointwise limit of convex sums of normalized 
positive definite functions realized in p. 

A similar rephrasing also applies to weak containment of measure preserving actions, as 
pointed out by Abert- Weiss |AW11] . If we view a finite Borel partition Aq, . . . , Ak-i of X as 
a Borel function (p : X ^ k = {0, 1, . . . , — 1} (where we view A; as a discrete space) then, 
given a measure preserving action a = F r\-"' (X, /i), each partition : X — )■ gives rise to 
a shift-invariant Borel probability measure on k^, where 

$<^''^(x)(7)=0((7"Y-^)- 

The map is equivariant between the action a and the shift action s on k^ given by 
{Y ■ f){^) = f{l~^^): may show that the measures as (p ranges over all 

Borel partitions of X into fc-pieces, are precisely those shift-invariant Borel measures A such 
that r r\' {k^, A) is a factor of a. In this language a being weakly contained in b means 
that for every natural number k, each shift-invariant measure on k^ that is a factor of a is 
a weak*-limit of shift-invariant measures that are factors of b. 

More precisely, given a compact Polish space K we equip with the product topology, 
and we let Ms{K^) denote the convex set of shift-invariant Borel probability measures on 
equipped with the weak*-topology so that it is also a compact Polish space. We define 

E{a,K) = {($'^'"),p : : X -> AMs Borel} C M,(A:^). 

Then Abert- Weiss characterize weak containment of measure preserving actions as follows: 
a -< 6 if and only if E{a, K) C E{b, K) for every finite K if and only if E{a, K) C E{b, K) 
for every compact Polish space K. 

From this point of view one difference between the two notions of weak containment is 
apparent. While weak containment of representations allows for normalized positive definite 
functions realized in vr to be approximated by convex sums of normalized positive definite 
functions realized in p, weak containment of measure preserving actions asks that shift 
invariant factors of a be approximated by a single shift invariant factor of b at a time. It is 
natural to ask for a characterization of the situation in which shift invariant factors of a are 
approximated by convex sums of shift invariant factors of b. When this is the case we say 
that a is stably weakly contained in b and we write a -<s b. The relationship between weak 
containment and stable weak containment of measure preserving actions is analogous to the 
relationship between weak containment in the sense of Zimmer (see |BdlHV08| F.1.2.(ix)] 
and |KelOl Appendix H.(B)]) and weak containment of unitary representations. Our first 
theorem is a characterization of this stable version of weak containment of measure preserving 
actions. 

In what follows {X, p) and {Y, v) and (Z, 77) always denote standard probability spaces. 
We let : T X Z ^ Z denote the trivial (identity) action of F on {Z,ri), writing for the 
corresponding triple F r^*"' {Z,ri), and we write l and t for and respectively when 77 is 
non-atomic. We show the following in ^ 
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Theorem 1.1. Letb = T r\'' {Y, v) he a measure preserving action ofT. Then E{l x b, K) = 
WEi^b, K) for every compact Polish K . In particular, for any a = T (X, /i) we have that 
a -< L X b if and only if E{a, K) C WE{b, K) for every compact Polish space K . 

When a is ergodic, so that -E(a, K) is contained in the extreme points of Ma{K^), we show 
that Theorem 11.11 imphes the following direct analogue of the fact (see |BdlHVO^ F.1.4]) 
that if TT and p are representations of F, vr is irreducible, and vr is weakly contained in p, 
then every normalized positive definite function realized in vr is actually a pointwise limit of 
normalized positive definite functions realized in p. 

Theorem 1.2. Let a = T nJ^ {X,p) and 6 = F rv^ {X,p) be measure preserving actions of 
F and suppose that a is ergodic. If a -< l x b then a ~< b. 

In Theorem 13. Ill we show more generally that if a is an ergodic measure preserving action 
that is weakly contained in d, then a is weakly contained in almost every ergodic component 
of d. This may be seen as a weak containment analogue of the fact that if a is a factor of 
d, then a is a factor of almost every ergodic component of d (see Proposition 13 . 8 1 below) . 

One consequence of Theorem II .21 is that every non- amenable group has a free, non-ergodic 
weak equivalence class, and this in fact characterizes non-amenability (Corollary 14.21 below) . 

Theorem 1.3. If b a measure preserving action ofT that is strongly ergodic, then l x b is 
not weakly equivalent to any ergodic action. In particular, if T is a non-amenable group and 
Sr = r r^**"" ([0, 1]^, A'") is the Bernoulli shift action ofT, then l x sr is a free action ofT 
that is not weakly equivalent to any ergodic action. 

If ;B is a class of measure preserving actions of a countable group F and a E B, then 
a is called universal for B if b ~< a for every b E B. When a is universal for the class 
of all measure preserving actions of F then a is simply called universal. In §1] we study 
the universality properties EMD, EMD*, and MD of residually finite groups introduced by 
Kechris [Kellj (MD was also independently studied by Bowen |Bo03j . but with different 
terminology), and defined as follows. Let F be a countably infinite group. F is said to 
have property EMD if the measure preserving action pr of F on its profinite completion is 
universal. F is said to have property EMD* if pr is universal for the class of all ergodic 
measure preserving actions of F. F is said to have property MD if t x pr is universal. 

Each of these properties imply that F is residually finite and it is clear that EMD implies 
both EMD* and MD. Kechris shows that EMD* implies MD and asks (Question 4.11 of 
|Kell] ) whether the converse is true. We provide a positive answer to this question. 

Theorem 1.4. The properties MD and EMD* are equivalent. 

This implies ( Corollary 14 . 71 below) that the properties EMD and MD are equivalent for all 
groups without property (T). We also show in Theorem 14.81 that the free product of groups 
with property MD has EMD and we give two reformulations of the problem of whether EMD 
and MD are equivalent in general (Theorem 14. 101 below). 

In ^we discuss the structure of weak equivalence with respect to invariant random sub- 
groups. A countable group F acts on the compact space Sub(F) C 2^ of all of its subgroups 
by conjugation. Following |AGVllj . a conjugation-invariant Borel probability measure on 
Sub(F) will be called an invariant random subgroup (IRS) of F. We let IRS(F) denote the set 
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of all invariant random subgroups of F. If a = F {Y, u) is a measure preserving action 
of F then the stabilizer map y staJoa{y) G Sub(F) is equivariant so that the measure 
(staba),.!/ is an IRS of F which we call the type of a, and denote type(a). It is shown in 
[AEllaj that the type of a measure preserving action is an invariant of weak equivalence (we 
give a proof of this in 15.21 below). 

In §5.21 we use the framework laid out in ^ to study the compact metric topology intro- 
duced by Abert-Elek [AElla] on the set Ar^(T,X, fi) of weak equivalence classes of measure 
preserving actions of F. We show that the map A^{T, X, fi) — )■ IRS(F) sending each weak 
equivalence class to its type in IRS(F) is continuous when IRS(F) is equipped with the weak* 
topology. 

In §5.3l we detail a construction, described in [AGVllj . whereby, given a probability space 
(Z, 77), one canonically associates to each 9 G IRS(F) a measure preserving action Sg^^ of F 
such that type(s0^^) = 6 when t] is non-atomic. We call ,j the 9-random Bernoulli shift of 
F over {Z,r]). When a is free then type(a) is the point mass 5(e) on the trivial subgroup (e) 
of F and s^^^^^^j is the usual Bernoulli shift action of F on {Z^,r]^). After establishing some 
properties of random Bernoulli shifts we show the following in §5.51 

Theorem 1.5. Let a = T (Y,!/) be a non-atomic measure preserving action of type 
9, and let Sq^^ be the 9-random Bernoulli shift over [Z^rj). Then the relatively independent 
joining of Sq^^ and a over their common factor F nv (Sub(F),0) is weakly equivalent to a. 
In particular, Se^y is weakly contained in every non-atomic action of type 9. 

When a is free then the relatively independent joining of •Ss^^^.r? and a is simply the product 
of the Bernoulli shift with a and Theorem 11.51 proves a conjecture of loana, becoming the 
following strengthening of Abert- Weiss jAWllt Theorem 1]: 

Corollary 1.6. Let = F r\^^ ([0,1]'", A^) be the Bernoulli shift action ofT, where A 
denotes Lebesgue measure on [0, 1]. Let a = F r>," {X,fi) be a free measure preserving action 
ofT on a non-atomic standard probability space (X, /i). Then sr x a is weakly equivalent to 
a. 

Several invariants of measure preserving actions such as groupoid cost |AW11] ( |KelO] 
for the case of free actions) and independence number |CK10j are known to increase or 
decrease with weak containment (see also [AEllaj and [CKT-DlT] for other examples). 
A consequence of Theorem 11.51 is that, for a finitely generated group F, among all non- 
atomic measure preserving actions of type 9, the groupoid cost attains its maximum and the 
independence number attains its minimum on Sq^x- Likewise, Corollary 11.61 implies that for 
any free measure preserving action a of F, both a and s-p x a have the same independence 
number, and the orbit equivalence relation associated to a and sr x a have the same cost. 

In ^we address the question of how many isomorphism classes of actions are contained in 
a given weak equivalence class. We answer a question of Abert-Elek [AEllat Question 6.1], 
showing that the weak equivalence class of any free action always contains non-isomorphic 
actions. Our arguments show that there are in fact continuum many isomorphism classes 
of actions in any free weak equivalence class, and from the perspective of Borel reducibility 
we can strengthen this even further. Let A{r,X,fi) denote the Polish space of measure 
preserving actions of F on (X, /i) and let a,b & A{r,X,fi). Then a and b are called weakly 
isomorphic, written a b, if both a □ 6 and 6 □ a. We call a and b unitarily equivalent, 
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written a b, if the corresponding Koopman representations Kq and Kq are unitarily 
equivalent. We let = denote isomorphism of actions. Then a = b ^ a b ^ a =^ b. 
We now have the following. 

Theorem 1.7. Let a = T rx"" {X,fi) be a free action of a countably infinite group T and 
let [a] = {b G A{r,X,fi) : 6 ~ a} 5e the weak equivalence class of a. Then isomorphism 
on [a] does not admit classification by countable structures. The same holds for both weak 
isomorphism and unitary equivalence on [a]. 

Any two free actions of an infinite amenable group are weakly equivalent ( |FW04] . see also 
Remark 14.11 and Theorem 11.81 below) , so for amenable F Theorem 11.71 follows from |FW04] , 
[H]97l and jKeTOl 13.7, 13.8, 13.9] (see also |KLP10l 4.4]), while for non-amenable F there 
are continuum-many weak equivalence classes of free actions (see Remark 14.31 below), and 
Theorem 11.71 is therefore a refinement of the existing results. The proof of 11.71 uses the 
methods of |KelOt 13.7] and |KLP10j . We fix an infinite dimensional separable Hilbert space 
!K, and denote by Rep;^(F,!K) the Polish space of unitary representations of F on [K that 
are weakly contained in the left regular representation Ar of F. The conjugacy action of the 
unitary group U{'K) on Rep;^(F, J{) is generically turbulent by |KLP10t 3.3], so Theorem 
11.71 will follow by showing that unitary conjugacy on Rep;^(F,3-C) is not generically = |[a]- 
ergodic (and that the same holds for =^ and =^ in place of =). For this we find a continuous 
homomorphism ip from unitary conjugacy on Rep;s^(F, [K) to isomorphism on [a] with the 
property that the inverse image of each =^-class is meager. The main new ingredient that 
is needed in the proof of Theorem 11.71 is Corollary II. 6[ which shows that the homomorphism 
ip we define takes values in [a]. 

In [|7]we show that when F is amenable, type(a) completely determines the stable weak 
equivalence class (definition IB.ip of a measure preserving action a of F. 

Theorem 1.8. Let a and b be two measure preserving actions of an amenable group F. 
Then 

(1) type{a) = type{b) if and only if a ~s b. 

(2) Suppose that type{a) = type{b) concentrates on the infinite index subgroups of F. 
Then a b. 

Combining this with the results of §5.21 (in particular. Remark 15. 8p shows that when 
F is amenable, the type map [a]s type(a), from the compact space A^^{T ,Y,p) of all 
stable weak equivalence classes of measure preserving actions of F, to the space IRS(F), is a 
homeomorphism. 

We end with two appendices, one on ultraproducts of measure preserving actions, and one 
on stable weak containment. 

Remark 1.9. After sending Gabor Elek a preliminary version of this paper, I was informed 
by him that he has independently obtained a version of Theorem 11.81 See |E112] . 

Acknowledgments. I would like to thank my advisor Alexander Kechris for his encour- 
agement and support and for many valuable discussions related to this paper. I would also 
like to thank Miklos Abert for very useful feedback and discussions. The research of the 
author was partially supported by NSF Grant DMS-0968710. 
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2. Preliminaries and notation 
r will always denote a countable group, and e will always denote the identity element of 

r. 

2.1. Mecisure algebras and standard probability spaces. All measures will be proba- 
bility measures imless explicitly stated otherwise. A standard probability space is a proba- 
bility measure space {X,n) = {X, B{X), fi) where X is a standard Borel space and is a 
probability measure on the cr-algebra B{X) of Borel subsets of X. In what follows, {X,fj,), 
(Y,!/), and {Z,rj) will always denote standard probability spaces. Though we mainly focus 
on standard probability spaces we will make use of nonstandard probability spaces arising 
as ultraproducts of standard probability spaces. We will write {W, p) for a probability space 
that may or may not be standard. 

The measure algebra MALGp of a probability space (VF, p) is the cr-algebra of p-measurable 
sets modulo the (j-idcal of null sets, equipped with the measure p. We also equip MALGp 
with the metric 5) = p{A^B). We will sometimes abuse notation and identify a 

measurable set A W with its equivalence class in MALGp when there is no danger of 
confusion. 

2.2. Measure preserving actions. Let F be a countable group. A measure preserving 
action of F is a triple (F, a, (X, /x)), which we write as F {X,p), where {X,p) is a 
standard probability space and a : F x X ^ X is a, Borel action of F on X that preserves 
the probability measure p. A measure preserving action F (X, p) will often also be 
denoted by a boldface letter such as a or /it depending on whether we want to emphasize 
the underlying action or the underlying probability measure. When 7 e F and x & X we 
write 7" • X or 7"x for 0(7, x). In what follows, a, b, and c and d will always denote measure 
preserving actions of F. 

We will also make use of actions of F on nonstandard probability spaces. When {W, p) is 
a probability space and o -.V xW ^ W is a. measurable action of F on that preserves p 
then we will still use the notations o — V r\° (VF, p), 7°, etc., from above, though we reserve 
the phrase "measure preserving action" for the case when the underlying probability space is 
standard. 

2.3. The space of measure preserving actions. We let ^(F, X, p) denote the set of all 

measure preserving actions of F on (X, p) modulo almost everywhere equality. That is, two 
measure preserving actions a and 6 of F on (X, p) arc equivalent if p{{x € X : '-)"'x 7^ 
7^a;}) = for all 7 e F. Though elements of A{T,X,p) are equivalence classes of measure 
preserving actions we will abuse notation and confuse elements of A(y, X, p) with their Borel 
representatives, making sure our statements and definitions are independent of the choice of 
representative when it is not obvious. We equip A(F,X, with the weak topology, which is 
a Polish topology generated by the maps a h- )■ 7"y4 G MALG^, with A ranging over MALG^^^ 
and 7 ranging over elements of F. 

Notation. For a e ^(F, X, p) and h e A{T, Y, v) we let a □ 6 denote that a is a factor 
of h and we let a = 6 denote that a and h are isomorphic. We let l^i £ ^(r, Z, rj) denote 
the trivial (identity) system F r>'"' {Z,ri), and we write l for when 77 is non-atomic. We 
call F rv" (X, p) non-atomic if the probability space (X, p) is non-atomic. If T : X ^ X 
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then we let supp(T) = {x E X : T{x) ^ x}. For a. A O X we denote by fi\A the restriction 
of fi to A given by {^\A){B) = ^{B fl A) and we denote by fiA the conditional probability 
measure ^ia{B) = ^^^^^^-^ where we use the convention that ij,a = when A C X is null. 

Convention. We will regularly neglect null sets when there is no danger of confusion. 

3. Proofs of Theorems I1.1I and I1.2I 

3.1. Weak containment and shift-invariant factors. Let i^' be a compact Polish space 
and equip with the product topology so that it is also a compact Polish space. Then 
r acts continuously on by the shift action s, given by (5'*/)(7) = /(5~^7) for 5, 7 G P, 
/ e K^. Let {W, p) be a probability space and let o = P r\° (W, p) be a measurable 
action of P on that preserves p. For each measurable function (p : W ^ K we define 
$0,0 :W ^ hj <^^'"{w){-f) = 0((7"^)° ■ w), and we let 

E{o,K) = {($'^'°)*p : (j):W is p-measurable}. 

Each map is a factor map from o to P {K^, ($"''^)*yu) since 

^^'"{6° ■ w){j) = 0((7-'5)° ■ w) = 0(((rS)^')° ■ w) = <i''^'°(w)(rS) = (5' • $'^'°H)(7). 

Conversely, given any measurable factor map ip : P nv° {W, p) — ?■ P nv'"^ {K^,tt^p) the map 
= ilj{w){e) is also measurable, and for almost all w E W and all 7 G P we have 
<^^'"{w){-f-^) = 0(7'* -u;) = 7/'(7°-u;)(e) = (7" ■'0(w))(e) = (7"^) so that ip^p = ($'^'°)*p. 
It follows that E{o, K) is the set of all shift-invariant Borel probability measures on that 
are factors of o. We let Ms{K^) denote the convex set of all shift-invariant Borel probability 
measures on . Equipped with the weak* topology this is a compact metrizable subset of 
C{K^)*. If _E C Ms{K^) we let coE denote the convex hull of E and we let coE denote 
the closed convex hull of E. For 7 G P we let vr^ : — K denote the projection map 
vr,(/) = /(7). 

Lemma 3.1. Suppose that (pn '-W ^ K , n E'H, is a sequence of measurable functions that 
converge in measure to the measurable function (p : W —> K . Then ($'^"'°)*p — )■ {^'f''°)^p in 

Proof, (pn converges to (p in measure if and only if for every subsequence {rii} there is a further 
subsequence {rrii} such that 0^, — ^ (p almost surely. If (prm — ^ (p almost surely then for all 
7 G P, $'^'"i'''(w)(7) — $'^'°(w)(7) almost surely, and so — ^'t''°{w) almost surely. 

It follows that (J)"?^"'" — ). <|)'^'° in measure. Since convergence in measure implies convergence 
in distribution it follows that ($'^"'°)*p ($'^'°)=,p in M^iK^). □ 

Remark 3.2. We may form the space L{W, p, K) of all measurable maps (p : W —> K, where 
we identify two such maps if they agree p-almost everywhere. If < 1 is a compatible 
metric for K then we equip L{W,p,K) with the metric d{(p,ip) = J^d{(p{w),'ip{w)) dp{w), 
and then 0„ — )■ in this topology if and only if (pn converges to (p in measure. Then Lemma 
13.11 says that for each measure preserving action P r\° {W,p), the map (p t— )■ {^'^'°)^:p from 
L{W, p, K) to Ms{K^) is continuous. The metric d is complete, and d is separable when 
(W, p) is standard. We note for later use that the set of all (p G L{W, p, K) with finite range 
is dense in L{W, p,K) (this follows from d being separable). Proofs of these facts may be 
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found in p<iTnl Section 19] and |Mo76j (th ese references assume that the space {W, p) is 
standard, but this assumption is not used to prove the facts mentioned here). 

We will find the following generalization of weak containment useful. 

Definition 3.3. Let A and B be two sets of measure preserving actions of F. We say that 
A is weakly contained in B, written A -< B, if for every F {X, fi) = a ^ A, for any Borel 
partition Aq, . . . , Ak_i of X, F C F finite, and e > 0, there exists F {Y, u) = b E B and 
a Borel partition Bq, . . . , -B^-i of Y such that 

for all i,j<k and 7 G -F. 

This is a generalization of weak containment in the sense that when A = {a} and B = {b} 
are both singletons then ^ -< i3 if and only if a -< b in the original sense defined in the 
introduction. We write a -< i3 for {a} -< B, and ^ -< b for ^ -< {6}. If both A ~< B and 
B -< A then we put A ^ B. It is clear that -< is a reflexive and transitive relation on sets of 
actions. The arguments in 10.1 of |KelO] show the following. 

Proposition 3.4. Let A and B he sets of non-atomic measure preserving actions of T . 
Then A ~< B if and only if for every F rv'^ {X, fi) = a E A, there exists a sequence 
an G A{r,X,fi), G N, converging to a such that each an is isomorphic to some bn G B. 
In particular, a -< B if and only if a E {d E A{T , X, fi) : 3b E B d = b}. 

We also have the corresponding generalization of |AW11[ Lemma 8]. 

Proposition 3.5. Let A and B be sets of measure preserving actions o/F. Then the following 
are equivalent 

(1) A is weakly contained in B 

(2) Ude^ E{d, K) C U,g^E(b,ir) for every fimte K. 

(3) {j^^j^E{d,K) C IJ^gg i?(6, fC) for every compact Polish K. 

(4) U.e^i5;(d,2^)CU,,gi5(b,2N). 

Proof. It suffices to show this for the case A = {d} is a singleton. We let {X, fi) be the space 
of d. 

We begin with the implication (1)^(2). It suffices to show (2) for the case K = k = 
{0, 1, . . . , /c — 1} for some k eN. Fix a Borel function : X — )■ A;, let A = and let 

Ai = (p~^{{i}) for i < k. Fix an exhaustive sequence e G Fq C Fi C ■ ■ ■ of finite subsets of 
F. For each finite F C F and function t : F ^ k let A^- = f]^^p 7'^v4t-(^). As d -< B we may 
find for each G N a measure preserving action 6„ = F r^''" z/„) in B along with Borel 
partitions {-B^jrefc^" of such that 

(3.1) H^A^^ n A,,) - Un{i'-Bi n Bi)\ < tn 

for all ri,r2 G A;^", and where e„ is small depending on n. A;, and |F„|. Define : y„ — )■ Ac 
by i)n{y) = i\i y E B"^ for some r G /e^" with r(e) = and let A„ = ($'^"'''")^,z/„. To show 
that A„ — )■ A it suffices to show that A„(A) — i- A (A) for every basic clopen set A C A;'" of the 
form A = Cly^pT^^^iii-/}), where e G F C F is finite and < A; for each •y E F. We let 
V G A;'^ be the function u(7) = i^. 
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For i < k let i?" = \_\{Br : r e k^"- and r(e) = i}. Let uq be so large that C Fn^ 
and for all n > Uq and each a G A;"^, J C let = LJ{-Bt • t € fc'^" and cr C r} and 
let = n^^jl'^B^^j)- Then 5f = U{5^ : a e k^ and a(e) = i}. For 7 G T, J C T and 
a G A;"^ let 7" cr G A;'^'^ be given by (7- a) (5) = cr{'y~^6) for all 5 G 7 J. For a & k^ and 7 G -F we 
have |i/„(7'"5: n - f^iYA. n A,..) | < : . kn(7'"5" H 5,",) - 

/i(7'A,n A^OI < enA;'!''"!. Similarly, |z/„(5^) - < e„A;2|^"l and |z/„(E;J - < 
e„,A;^l^"L Since 7'^Ao- = A^.g- we obtain from this the estimate 

(3.2) d^AY"iB:), b:;j = u^b:) + u^{b:;j - 2u4Y-{b:) n < 3e^e^^-\. 

Since {-B"}rGA;^i is a partition of and C F„ we have the set identities 

b:^ = u ^r = r\ u = n u - 

uCr (t{7)=i}{7) o-(e)=u(7) 

By (I3.2p the (i,^^- distance of this is no more than 3|F|e„A;^l^"l from the set 

n u = n = 

76F CTgfc^ 76-P 
(T{e)=u(7) 

Thus \XniA)-X{A)\ = lunim - fi{A^)\ < 3|F|e„A;3l^"l + - ^A,)] < 3|F|e„A;3l^"l + 

CnA;^'^"' — )■ by our choice of e^. 

(2)^(3): Let be a compact Polish space. It follows from Lemma [3.11 and Remark 13.21 
that the set Ef{d, K) of all measures X & E{d, K) coming from Borel cf) : X ^ K with finite 
range is dense in E{d, K). By (2) we then have Ef{d, K) C \J^^j^Ef{b, K) C ^^^^^(6, K), 
and (3) now follows. 

The implication (3)^(4) is trivial. (4)^(1): Given a Borel partition Ao,...,^^-! of 
X, F C r finite, and e > 0, let k^, . . . , k^-i G 2^ be distinct and define the function 

: X ^ 2^ by = i if x G A^. Then A = G E{d,2^) so by (4) there exists 
a sequence F nv''' (1^, = bn & B, along with 0„ : y„ — )■ 2^ such that A„ — )■ A, where 
A„ = ($''^"'''")*z/„. Let Co, . . . , Cm-i disjoint clopen subsets of 2^ with ki G Ci and for each 
n G N let B^ = (p~^{Ci). Then for all 7 G F we have 

HYa, n A,)-z.„(7^"i?r n Bj)\ = \X{n-\Q) n n;\c,)) - X^{n-\a) n n;\C,))\ ^ 0, 

so for large enough n this quantity is smaller than e. □ 

3.2. Convexity in the space of actions. The convex sum of measure preserving actions 
is defined as follows (see also |KelO| 10. (F)]). Let X G {1, 2, . . . , cx) = N} and let a = 
(ao, ai . . . ) G [0, 1]^ be a finite or countably infinite sequence of non- negative real numbers 
with X]i<iv = 1- Given actions bj = F r>^' (Xj,/ij), i < N, we let J2i<N -^^ ~ {(^'^) • 

1 < N and x G Xj} and we let fti be the image measure of fii under the inclusion map 
Xi X]j<Af 3; (i, x). We obtain a measure preserving action ajbj = F r>^!<^v ''^ 
(Ei<7v-^i'Si<Jv"i/^«) defined by 7Sz<iv''« . (i^^) = (2,7^" ■ x). If {Xi, Hi) = (X,/i) for each 
i < N then (X]j<jv Si<Af '^j/^j) = (X x X, r^^ x /i) where ?7q. is the discrete probability 
measure on X given by ^7o({«}) = «i. If furthermore bi = b for each i < N then X]i<Ar '^j^j = 
^r?a X b is simply the product action. 
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Lemma 3.6. Let b e A(r,X,fi) and let d = x b = Y^'^^q aib. Then E{d,K) C 
coE{b, K) C E{l X 6, K) for every compact Polish K . 

Proof. Given : n x X — fC, we want to show that ($'^''^)*(?7a x /x) e coE{b,K). Let 
(t)i : X ^ K he given by 0i(a;) = Then {^^^^y^{A) = \_\l=o{i} x 

for A C i^r and it follows that ($'^''^)*(r/„ x ^) = Er=o 

which shows the first 

inclusion. 

Let the underlying space of t be {Z, rf). Given Borel functions 00, ... , (pn-i : X ^ K and 
ao, . . . , Oin-i > with Ym=o = 1, we want to show that Y^^Zq C(i{^'^"^)*fJ' G E{l x b,K). 
Let Co, . . . , C„_i be a Borel partition of Z with rj{Ci) = ai for i = 0, ... ,n — 1. Define 
i : Z n hj i{z) = i if z E Ci and let (f) : Z x X ^ K he the map 0(2;, x) = 0j(2)(x). Then 

$^'^><^(z,x)(7) = 0(y^' ■ = 0(^,7' ■ x) = 0,(,)(7' ■ x) = <|.^'W'^(x)(7), 

and so {^^'''<^)-\A) = \J^~o Q x ($<^-^)-i(A) for all A C . It now follows that 
Er=o «^('^''^''')*/^ = X /i). □ 

Lemma 3.7. Let b e A(r, X, ^u), /ei ct{n) = (1, . . . , i) e [0, 1]'^, anc? /et 

^1 = X 6 : n > 1}, ^2 = {l,^ x b : n > 1, a e [0, 1]", EL'o = l}- 

Then t x 6 ~ i3i ~ ■ 

Proof. Bi -< B2 is trivial. -< t x 6 is clear (in fact, d □ t x 6 for every d E B2). It remains 
to show that l x b Bi. Let (Z, 17) be the underlying non-atomic probability space of t and 
let X = 7] X fi. Fix a partition "P of Z x X, F C F finite and e > 0. We may assume without 
loss of generality that V is of the form V = {Ai x Bj : < i < n, < j < m} where 
{A}"=o^ is a partition of Z, {Bj}Y=Q is a partition of X, and all the sets Aq, . . . , An-i have 
equal measure. Let Cjj = {(i,x) Enx X : a; G -Bj}. Then, letting d = tjy^^^j x b, for all 
7 G F and i, < n, j, j' <m,iii^i' we have 7''Cjj nCj/j/ = = 7'''^(Ai x 5^) n (Ai'DBj'), 
while if i = we have 

ivcin) X /i)(7''C'i,i n Cjv) = i/i(7'5,- n 5,0 

= r]{Ai)fi{^''Bj n 5,0 = A(y^''(Ai X Bj) n (A x Bj,)), 
showing that l x b ~< Bi. □ 
Proof of Theorem li.il We apply 13.51 and 13. 7[ then 13.61 to obtain 

Eit xb,K)C U„>ii^K„(„) x6,ir) C coEib, K) C E{txb,K) 
and so F(t x b,K) = coE{b, K). □ 

The proof of Theorem 11.21 now proceeds in analogy with the proof of the corresponding 
fact for unitary representations (see |BdlHV08l F.1.4]). 

Proof of Theorem Suppose that a is ergodic and a ~< txb. We want to show that a ~< b, 
or equivalently E{a, K) C E, (6, K) for every compact Polish K. By hypothesis we have that 
E{a,K) C E{l X b,K), so by Theorem 11.11 E{a,K) C coE{b,K). Since every element of 
E{a, K) is ergodic, i?(<2, K) is contained in the extreme points of Ms{K^), and so a fortiori 
E{a, K) is contained in the extreme points of coE{b, K). Since in a locally convex space the 
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extreme points of a given compact convex set are contained in every closed set generating 
that convex set (see, e.g., |Ph02t Proposition 1.5]), it follows that E{a, K) C E{b, K) as was 
to be shown. □ 

3.3. Ergodic decomposition and weak containment. We begin with the following ob- 
servation about factors. 

Proposition 3.8. Let d he a measure preserving action of T on (F, v) and suppose vr : 
(y, v) — > (Z, 77) is a factor map from d onto an identity action T rx'"^ {Z, 77). Let v = j^Vz drj 
be the disintegration of v with respect to vr and let d^ = V (F, z/^). Suppose that a = 
r rx"^ {X,fi) is an ergodic factor of d via the map ip : {Y, u) — > (X, /i). Then for rj-almost 
every z & Z , a is a factor of dz via the map (p. 

Proof. The map n x ip : (F, z/) — )• (Z x X, (vr x v^)*!/), y 1— )■ {7i{y),ip{y)), factors d onto a 
joining b of the identity action and the ergodic action a. Since ergodic and identity actions 
are disjoint ( |G103l 6.24]) we have that (vr x <y9)*z/ = rj x ^ and b = l^j x a. The measure 
(tt X if)*i'z lives on {z} x X almost surely, and rj x fi = [it x ip)^v = /^(vr x <y9)*z/2 dr], so by 
uniqueness of disintegration (tt x ip)^^^ = >^ fi' almost surely. Since proj^^ o (vr x ^9) = 
we have that (p^i^z = {P''^oix)*{^z ^ A*) = A* almost surely. □ 

Corollary 3.9. If a is ergodic and (f factors d onto a then ip factors almost every ergodic 
component of d onto a. 

Using ultraproducts of measure preserving actions (see Appendix [A]) we can prove an 
analogous result for weak containment which generalizes Theorem 11.21 For the remainder 
of this section we fix a nonprincipal ultrafilter on N and we also fix a compact Polish 
space K homeomorphic to 2^. Let a„ = F r\""^ (y„,z/), n G N, be a sequence of measure 
preserving actions of F and let ay = V r\°-^ (Xuil^u) be the ultraproduct of the sequence 
a„ with respect to the nonprincipal ultrafilter lA on N. Let 0„ : 1^ — )■ be a sequence of 
Borel functions and let = <|)'^"'"" : y„ — ). . We let denote the ultralimit function 
determined by the sequence i.e., : 1^ — is the function given by 

(t^{[yn]) = lim 0n(2/n) 

for [yn] G Yu. The function is S^^-measurable since 0~^(\^) = [0^"'^(V^)] whenever V <^ K 
is open. 

Proposition 3.10. Let $ = <l>'^'"". Then 

(1) $(bn]) = lim„^i^ $„,(?/„) for all [?/„] G Yu; 

(2) ^^uu = lim„_^i^($„)=^z/„; 

(3) For every Bu-measurahle function ip : Yjj K there exists a sequence ipn '■ Yn K 
of Borel functions such that ?/'([?/„]) = \imn-^u '^niUn) for uu-almost every [yn] G Y^. 

Proof (1): For each [?/„] G and 7 G F we have $([?/„])(7-i) = 0(7"" [l/n]) = 0([7""Z/n]) = 
lim„^iY 0(7""l/n) = lim„^2^ $„(?/„) (7) = (lim„^z^ $„(?/„)) (7), the last equality following by 
continuity of the evaluation map / h-> /(7) on . 

(2): Let A = lim„^z^($„)*z/„. Then A is the unique element of Ms{K^) such that A(C) = 
\imn^u{{<l>n),iyn{C)) foT all clopcu C C K^. Part (1) implies that <!>'\C) = [<^-\C)] 
whenever C C is clopen, and so $*z/2^(C) = lim„^i^ z/„,($,^^(C)) = lim„_^i^(($„)*i/„(C)). 
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(3): We may assume K = 2^. For m G N define ipm '■ Yu ^ K hy ipm{[yn]) = 
V^(bn])M- For i G {0,1} let A"^'' = G By and fix [A™'^] G Ay such that 

'']) = 0- For each m, n G N let = A^-o \ A^-^ and let 5™'^ = F„ \ 5™'° so 
that E;^'!} is a Borel partition of F„. Then for each m G N we have z/i^(A"^'°A[E;j^'°]) = 

= Define : F„ ^ K by taking </?„(i/)(m) = i if and only if y e B"^^'. 

Let : — 7- be the ultralimit function V5([yn]) = XwUn-^u^niyn)- Then for i G {0, 1} we 
have 

¥5([y„,])(m) = i ^ lim(v;„(?/„)(m)) =i ^ {n : ?/„ G 5™'*} G W ^ G 

and so is equal to '\\) off the null set UmGNie{o i} ^"^'^^[i?™'*]. □ 

Theorem 3.11. Let d be a measure preserving action ofT on (Y, u) and suppose it : {Y, v) 
{Z,T]) is a factor map from d onto an identity action T r\'"i {Z,ri). Let v = j^^v^ df] be the 
disintegration ofu with respect to n and let dz = T rx"^ (Y, Vz)- Suppose that a = V r\"- (X, ^) 
is ergodic and is weakly contained in d. Then a is weakly contained in dz for almost all z G Z . 



Proof Taking ii^ = 2^ it suffices to show for each A G E{a, K) that r]{{z : A G E{dz, K)}) = 
1. Let U he a nonprincipal ultrafilter on N and let djj = T rx'^'^ (Yn, vu) and ljj = T r^'" 
{Zi(,r]u) be the ultrapowers of d and respectively. The map ttu : Yu ^ Zu defined by 
Ti'uilyn]) = [7r(?/„)] factors du onto tu- 

Given any A G E{a,K), since a d there exists (pn ■ Y ^ K such that (<l>'^"''^)*z/ — )■ A. 
Let (p : Yu K he the ultralimit of the functions (pn, let $„ = and let $ = ^^''^^ : 

Yu^ K^. By Proposition [3II01 (2), $ factors du onto T r^' {K^, A). 

Let p = a^i^u, where a = nu x ^ : Yu ^ Zu x is the map cr([|/„]) = (Tiuilyn]), '^'([y7i]))- 
Then p = rju x X since each standard factor of lk is an identity action so is disjoint from a. 
Let i^iz,^] = Yln^zn/^^ so that z/j^^j is a probability measure on Bu(Yu) for all G Z^. 

Claim. lim„^z^($„)*z/2„ = A for rm-almost every \zn] G Zu- 

Proof of Claim. By Proposition |AJ4 yu{A) = /[^^j ^iz„]{A) dVu for all A G Bu{Yu). As a^V[z4 
lives on {[-Zn]} x it follows for D G Bu{Zu) and C C i^^ clopen that 



A(C) dr/^ = r7^,(Z^)A(C) = p{D x C) = / x C) dr)u 

[zn]€D 



(^*'^[zr,]{Zu X C) drill = / <l>*z/[^„](C) drju. 

z„]eD J[z„]€D 

Thus for each clopen C C AT'", $^,z/[2„](C) = A(C) for 77^^ almost every [zn] G Z^- It follows 
that = XfoT r]u almost every [zn] G Zz^. By Proposition |3101 (2) , limri^iY($„)*i/2„ = A 

for rju almost every [zn] G Zu. □[Claim] 

If now V is any open neighborhood of A in Ms{K^) then let B = {z E Z : E{dz, K)r\V = 
0}. If r]{B) > then let Bn = B for all n so that G and r7w([5„]) > 0. Thus, 

for some [z„] G [5„] we have \imn^u{^n)*i^z„ = A and so ($n)*'^2„ e E{dz„,K) fl for 
some n G N. Since Zn E Bn = B this is a contradiction. Thus, r]{B) = 0. It follows that 
A G E{dz, K) almost surely. □ 
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Theorem 3.12. Let ^ : T r^^ T r^'" {Z,r]) and ip : T r\'^ {Y,u) ^ T (Z,r/) 

be factor maps from b and d respectively onto t^. Let /i = /iz (i^] v = j^Vz drj be the 
disintegrations of fi and v via ip and ip respectively, and for each z G Z let bz = T nv' (X, fj,z) 
and let dz = T nv"^ {Y, Vz). Then 

(1) // bz -< dz for all z e Z then b ^ d. 

(2) If b -< dz for all z E Z the x b ~< d and if bz -< d for all z E Z then b -< t,, x d. 

(3) // bz ~ dz for all z & Z then b d and if b dz for all z E Z then x b ~ cZ. 

We also have the following version for stable weak containment (see Appendix [Sj) ; 

(4) // bz -<s dz for all z E Z then b -<s d. 

(5) // bz -<s d for all z E Z then b ~<s d and if bz -<s d for all z E Z then b -<s d. 

(6) // bz ~s dz for all z E Z then b d and if b ~s dz for all z E Z then b ~s d. 

Proof. (1): Let {Bn}nm be a countable algebra of subsets of Y generating the Borel a-algebra 
of Y. Fix a partition Ao, . . . , Ak^i of Borel subsets of X along with F C F finite and e > 0. 
For each z there exists a /c-tuple (no, . . . , n^-i) E N'^ such that the sets Bn^, . . . , -Bnfe_i ^ ^ 
witness that bz -< d^ with respect to the parameters Aq, . . . , Ak_i, F, and e. We let n{z) = 
(uqIz), . . . ,nic_i{z)) be the lexicographically least fc-tuple that satisfies this for z. For each 
j < k the set 

Dj = {yEY:3zE Z{ij{y) = z and y G = |J(^«. W ^ 

z 

is analytic and so is measurable. For all z E Z, 'y E F, and j < k we then have that 
-f'^DjO^-^z) = Y'Bn^iz)r]ij-\z) and it follows that u^i^DjODj,) = z/z(7'^^5„^.(,)n5„^,,(z)), 
since z/^ concentrates on ip~^{z). For E F and i,j<k we then have 

\uiYD^ n D,) - fx{-f'A, nA,)\ = \ [ u^iYDr n D,) dri{z) - [ /iz(7'A n Aj) dri{z)\ 

Jz&z J zez 

< / \yz{Y'Bn,(^,) n - /i.(7'^A, n A^)\dr]{z) < 7]{Z)e < e 

Jzez 

which finishes the proof of (1). 

Statements (2) through (6) now follow from (1). □ 

Question 3.13. Is every measure preserving action d of F stably weakly equivalent to an 
action with countable ergodic decomposition? 

A positive answer to Question 13.131 would be an ergodic theoretic analogue of the fact 
that every unitary representation of F on a separable Hilbert space is weakly equivalent to a 
countable direct sum of irreducible representations ( |Di77] . this also follows from |BdlHVd8t 
F.2.7]). We also mention the following related problem. 

Problem 3.14. Describe the set ex{wE{a,2^)) of extreme points of cdE{a,2^) for a E 
A(F,X,/i). 

4. Consequences of Theorem 11.21 and applications to MD and EMD 
4.1. Free, non-ergodic weak equivalence classes. We can now prove Theorem 11.31 
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Proof of Theorem \1.3l If a is any ergodic action of F and a -< t x b then by Theorem 11.21 
a -< b, and so a is strongly ergodic. It follows that we cannot also have tx b ~< a, otherwise 
a would not be strongly ergodic. □ 

Remark 4.1. Foreman and Weiss [ FW04t Claim 18] show that for any free measure preserving 
action a = F r\"- {X,ij,) of an infinite amenable group b -< a for every b G A{r,X,ij,). We 
note that a quick alternative proof of this follows from |BT-D11] Theorem 1.2], which says 
that if A is a normal subgroup of a countably infinite group F and F/A is amenable, then 
b -< CInd^((z. X 6) I A) for every b G A{r,X,ij,). Taking F to be an infinite amenable group 
and A = (e) the trivial group, the restriction (t x b)|(e) is trivial, so CInd^g'j((t x b)\{e)) is 
the Bernoulli shift action of F. Thus, b -< sr- By [AWll. Theorem 1] (or alternatively. 
Corollary 11.61 below), since a is free, we have ~< a and so 6 -< a. 

Combining this with Theorem 11.31 gives a new characterization of (non-) amenability for a 
countable group F. 

Corollary 4.2. A countably infinite group F is non-amenable if and only if there exists a free 
measure preserving action of F that is not weakly equivalent to any ergodic action. 

Remark 4.3. It is noted in |CK10[ 4.(C)] that if F is a non-amenable group, and if 5 C F 
is a set of generators for F such that the Cayley graph Cay(F, S) is bipartite, then there 
are continuum- many weak equivalence classes of free measure preserving actions of F. Their 
method of using convex combinations of actions can be used to show that this holds for all 
non-amenable F, and in fact the proof shows that there exists a collection {a^ : < a < |} 
with tta and a^j weakly incomparable when a p. Indeed, if a = F {X, fi) is any free 
strongly ergodic action of F (which exists when F is non-amenable), then for any < a < 
/3 < I the actions = aa + (1 — a)a and = f3a -|- (1 — (3)a are weakly incomparable. 
To see this note that any action weakly containing has a sequence of asymptotically 
invariant sets with measures converging to a. Since a is strongly ergodic it is clear that no 
such sequence exists for a^, and so 7^ a^. Similarly, a^? 7^ a^. 

It is open whether every non-amenable group has continuum-many weak equivalence 
classes of free ergodic measure preserving actions. It is in fact unknown whether there exists 
a non-amenable group with just one free ergodic action up to weak equivalence (though it 
is shown in the fourth remark after 13.2 of |KelO] that any such group must, among other 
things, have property (T) and cannot contain a non-abelian free group). Abert-Elek |AEllb] 
show that F has continuum-many pairwise weakly incomparable (hence inequivalent) free er- 
godic actions when F is a finitely generated free group or a linear group with property (T). 
Their result also holds for stable weak equivalence in view of the following consequence of 
Theorem 11.21 

Corollary 4.4. Let a and b be ergodic measure preserving actions of F and let {Z, rj) be a 
standard probability space. Then a b if and only if t,, x a ~ x b. In particular a b if 
and only if a ~5 b. 

Proof. If a ~ 6 then x a ~ x b by continuity of the product operation. Conversely, if 
X a X b then a -< x a -< x b so that a -< 6 by Theorem 11.21 Likewise, b ~< a, 
so a ~ 6. □ 
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I also do not know whether every non-amenable group has continuum-many stable weak 
equivalence classes of free measure preserving actions, or whether there exists a non-amenable 
group all of whose free measure preserving actions are stably weakly equivalent. 

4.2. The properties MD and EMD. 

Definition 4.5. Let B he a. class of measure preserving actions of a countable group F. If 
a & B then a is called universal for B if b -< a for every b & B. When a is universal for the 
class of all measure preserving actions of F then a is simply called universal. 

Definition 4.6 ( |Kellj ). Let F be a countably infinite group. Then F is said to have property 
EMD if the measure preserving action pr of F on its profinite completion is universal. F is 
said to have property EMD* if pr is universal for the class of all ergodic measure preserving 
actions of F. F is said to have property MD if t x pr is universal. 

If F has property EMD, EMD*, or MD, then pr must be free (this follows, e.g., from the 
15.31 below) and so F must be residually finite. It is also clear that EMD implies both EMD* 
and MD. We now show that EMD* and MD are equivalent. 

Proof of Theorem \1.4\ The implication EMD* =^ MD is shown in |Kell] . but also follows 



from Theorem 13.121 above. For the converse, suppose F has MD so that t x pr is universal 
and let a be an ergodic action of F. Then a ~< l x pr, so since a is ergodic. Theorem 11.21 
implies a -< pr. Thus pr is universal for ergodic actions of F, and so F has EMD*. □ 

Corollary 4.7. EMD and MD are equivalent for groups without property (T). 

Proof. Suppose F has MD and does not have (T). Then t x pr is universal and by Theorem 
II. 4[ Pr is universal for ergodic measure preserving actions. Since F does not have property 
(T) there exists an ergodic a = T rx"- (X, yu) with l -< a, and so t -< a -< pr. Since pr 
is ergodic with t -< pr it follows that t x pr -< pr (see |AWllt Theorem 3]) and so pr is 
universal. □ 

In what follows, if : F — )■ A is group homomorphism then for each a G A{A, X, fi) we 
let a'^ G A(r,X,fi) denote the action that is the composition of a with ip, i.e., 7"^ = v^(7)". 
Also, we note that for any two countable groups Fi, F2, there is a natural equivariant home- 
omorphism from the diagonal action Aut(X, /x) r\ A(Ti, X, /i) x A(T2, X, fj,) to Aut(X, /x) r\ 
A(Fi * r2,X,n). We denote this map by (01,02) ^ ai * 02. See |KelOt 10. (G)]. We also 
refer to |KelOt Appendix G] and |Zi84] for information about induced actions. 

Theorem 4.8. Suppose Fi and F2 are nontrivial countable groups and that for each i G 
{1,2}, Fj is either finite or has property MD. Then Fi * F2 has property EMD. 

Proof. Let (01,02) G A(Ti, X, fi) x A(T2, X, ^) be given and let U = Ui x U2 he an open 
neighborhood of (oi, 02) where Ui is a open neighborhood of Oj for i = 1,2. By hypothesis, 
for each i = 1,2 there exists a finite group Fi 7^ {e} along with a homomorphism : Fj — )■ Fi 
and bi G A{Fi, X, fi) such that the corresponding measure preserving action bf" of Fj is in 
Ui. Let = ¥?i * (/?2 : Fi * F2 ^ Fi * F2 and let 6 = 61 * 62- Then b^ = bf' * 6f G f/i x U2. 
Let Vi,V2 be open subsets about bi G A{Fi, X, ft) and 62 ^ A{F2, X, ^) respectively such 
that {o*^' : o G Vj} C f/j for i = 1, 2 (this is possible since the map o h-?- o"^' is continuous). 
Then 6 G Vi x 1^2 and for all cZ G Vi x \/2 we have d"^ e Ui x U2. 
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There is a (possibly abelian) free subgroup ¥ < F = Fi * F2 oi finite index (explicitly: 
F = ker ('?/') = [F, F] where ip : Fi * F2 ^ Fi x F2 is the natural projection map), and since 
F has EMD |Kellt Theorem 1] we have 6|F -< pf. Letting ap/f denote the action of F on 
F/¥ with normalized counting measure we now have 

bnbx ap/F = Ind^(b|r) -< Ind^(pF). 

The action d = Indp (jjf) is a profinite action, and d is ergodic since pf is ergodic. As 6 -< d 
there exists an isomorphic copy do of d in Vi x V2. Then dQ E Ui x U2 and d^ is ergodic 
since do is ergodic. Thus Ui x U2 contains an ergodic profinite action. □ 

Note 4.9. The group Fi * r2 never has property (T) when Fi and r2 are nontrivial, so by 
Corollary 14.71 it would have been enough to show in the above proof that Fi * F2 has MD, 
and then EMD would follow. 

Theorem 4.10. The following are equivalent 

(1) MD and EMD are equivalent properties for any countably infinite group F. 

(2) EMD passes to subgroups. 

(3) MD is incompatible with property (T). 

Proof. (1)^(2): Property MD passes to subgroups, so if MD and EMD are equivalent, then 
EMD passes subgroups. (2)=^(1): If F is a countable group with MD then F * F has EMD, 
so if EMD passes to subgroups then F actually has EMD. (1)^(3): EMD is incompatible 
with property (T) since if F is an infinite residually finite group with property (T) then pr 
is strongly ergodic so that t -/{ pr- Thus, if MD and EMD are equivalent then MD is also 
incompatible with property (T). (3)^(1): This follows immediately from Corollary 14. 7[ □ 

Note also that Theorem 11.21 gives the following 

Proposition 4.11. MD is incompatible with ((r) and -i(T)). That is, if a group F has both 
MD and property (r), then F actually has property (T). 

Proof. If F has MD then by 14.71 pr is universal for ergodic actions, so if F does not have 
(T) then there exists an ergodic a with l -< a. This implies t -< pr so that F does not have 
property (r). □ 

5. Weak equivalence and invariant random subgroups 

5.1. Invariant random subgroups. We let Sub(F) denote the set of all subgroups of F. 
This is a compact subset of 2^ with the product topology, and is invariant under the left 
conjugation action of F, which is continuous, and which we denote by c, i.e., ^'^■H = 'yH'y~^. 
We will always view F as acting on Sub(F) by conjugation, though the underlying measure 
on Sub(F) will vary. By an invariant random subgroup (IRS) of F we mean a conjugation- 
invariant Borel probability measure 6 on Sub(F). Invariant random subgroups are studied 
in jAGVllj as a stochastic generalization of normal subgroups. See also |AEllaj . [BolOj 
and |Vellj . We let IRS(F) denote the space of all invariant random subgroups of F. When 
6 G IRS(F) we will let denote the measure preserving action F r\'^ (Sub(F),6'). For a 
measure preserving action a = F {X,fi) we let type(a) denote the type of a, which is 
defined to be the measure (staba)*/i on Sub(F), where staba : X — Sub(F) is the stabilizer 
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map X I— >■ staba(x) = Fj; = {7 e F : = x} E Sub(F). It is clear that type(a) is always an 
IRS of F. Types are studied in |AEllaj in order to examine freeness properties of measure 
preserving actions. 

5.2. The compact space of weak equivalence classes. Abert and Elek ( |AElla] ) define 
a compact Polish topology on the set of weak equivalence classes of measure preserving 
actions of F. We define this topology below and provide a variation of their proof showing 
that it is a compact Polish topology. 

For this subsection we fix a standard probability space (X, fi) and a compact zero-dimensional 
Polish space K homeomorphic to Cantor space 2^. We let % = %{Ms{K^)) denote the space 
of all nonempty compact subsets of Ms{K^), equipped with the Vietoris topology ry which 
makes % into a compact Polish space. Since Ms{K^) is a compact metric space, convergence 
in this topology may be described as follows. A sequence L„ G X, n G N converges if and 
only if the sets 

TlhRnLn = {A G M,(i^r) : 3(A„) [VnA„ G L„, and A„ -> A]} 

Tlim„L„ = {A G Ms{K^) : 3(A„) [Vn A„ G L„, and for some subsequence (A„j.), A„j. — )■ A]} 

are equal, in which case their common value is the limit of the sequence L„ (see e.g., |Ke95[ 
4.F]). 

Let $ : y4(F, X, //) 3C be the map 

<^{a) = E{a,K). 

By Proposition 13.51 $(a) = ^{b) if and only if a ~ b. We now have 

Theorem 5.1. The image of ^ in % is a closed, hence compact subset of{%,Ty). 

Proof. Let Uq, ai, a2, ... be a sequence in A(T,X,fj,) and suppose that $(<2n) converges in 
(DC, Tv) to the compact set L G X. We will show that there exists ttoo G A(T,X,fi) such 
that $(aoo) = L. Since E{an, K) is dense in $(an) we may write L as 

L = {A G Ms{K^) : 3(A„) [VnA„ G E{an,K), and A„ ^ A]} 

= {A G Ms{K^) : 3(A„) [VnA„ G E{an,K), and for some subsequence (Xuk), A„^ — > A]}. 

Fix a nonprincipal ultrafilter U on N, let {Xu^^u) be the ultrapower of the measure space 
(X, /i), and let = F {Xu,^u) denote the ultraproduct Yln^n/i^ of the sequence 

Claim. L = E{au,K). 

Proof of Claim. Let A G L and let A„ G E{an, K), n G N, with A„ — )■ A. For each n there 
exists (pn '■ X K such that A„ = (<l>'^"'''")*/i. Let (p : X^ ^ K he the ultralimit of the 
functions 0„. By Proposition |3J01(2) ($'^'"")*yUw = Mm.n^ui^'^"'"'")*!^ = lim„^w A„ = A. 
This shows A G E^au, K), and thus L C E{au, K). 

Conversely, let A G E{au,K), say A = ($''''"")*/xw for some Bu-measuiable ip : Xu — )■ K. 
By Proposition 13. 101 (3) we may find a sequence 0„ : X — )■ n G N, of Borel functions such 
that, letting denote the ultralimit of the 0„, yU^^-almost everywhere ^'([a^n]) = 0([a^n])- Let 
$„ = $<^n,a„^ $ ^ $0,ai,^ g^^^ ^ ($„)*// G E{an,K). Then <l>'^''^«([x„]) = $([x„]) 

almost everywhere, so by Proposition 13. 10[ (2) we have A = ($''''"" = = lim„„j.z^ A„ 
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SO there exists a subsequence < rii < ■ ■ ■ such that — t- A. Hence X E L and so 
E{au,K)CL. □[Claim] 

Let D C L he a countable dense subset of L = E{au,K). For each A G -D we choose 
some -Bz^-measurable (f)\ : Xu — )■ K with = A, and we also choose a sequence 

0A,m : Xu — i^, m G N, of functions converging in measure to 0a, such that each 0A,m is 
constant on some -Bj^-measurable finite partition "P^-^'™) of Xu. By Theorem IA.3I there exists 
a countably generated standard factor M of MALG^,^ containing |Ja6Z) UmeN 'P^'^'"^^ that is 
isomorphic to MALG^. Let be an action on {X,fi) corresponding to a point realization 
of the action of F on M by measure algebra automorphisms. It is clear that E{aoo,K) C 
E{au,K) = L. We show that D C E{aoo,K). Given X E D, each of the functions 0A,m 
is M"- measurable, so {^'^^•""'^^)^^u G E{aoo,K) for all m. Since 0A,m 0a in measure it 
follows that -> A, and thus A G E{a^,K). Thus L = Wa^^J^). □ 

For a G yl(F,X, /i) let [a] C A(F,X, /i) denote the weak equivalence class of a in 
A(T,X,fi). Let A^(F,X, /i) = {[a] : a G A(T,X,^)} be the set of all weak equivalence 
classes of elements of A(T,X,^), and let r denote the topology on A^(T,X,fi) obtained by 
identifying A^(T,X, fi) with a closed subset of (X, ry) via $. This makes A^(T, X, fj,) into 
a compact metrizable space. 

Theorem 5.2. 

(1) |AElla] The type, type(a), of a measure preserving action is an invariant of weak 
equivalence. 

(2) The map [a] i— > type(a) is a continuous map from the space (^^(F, X, /x), r) of weak 
equivalence classes of measure preserving actions ofT to the space IRS(F) of invariant 
random subgroups ofT equipped with the weak* -topology. 



Proof. Let 6„ G A(F,X, /i), n G N, and suppose that — i- [b] in r, i.e., E{bn,K) — )■ 
iT) in ry. In light of Proposition IA.4| both (1) and (2) will follow once we show that 
type(a„) — )■ type(a) for all a„ G and a G [b]. Let 6*^ = type(a„) and let 9 = type(a). 
Let F, G C F be finite. We define Np = {H e Sub(F) : FnH = 0}, Nf,g = {H e Sub(F) : 
FnH = and G C H} and 

= n supp(7"") ^F,G = n supp(7"") n fl ^ \ supp(7"") 
7e-F 7eF 7eG 

AF=f] snMll Mg = n supp(7'^) n fl ^ \ supp(7'^)- 

7eF 7e-F 7eG 

Then ^„(Ar^) = /.(A^), ^^(Ar^,^) = ^(^f) = f^iAp), and ^(X^^g) = /^(^f,g)- We 

will be done once we show that ^{A^q) — )• ft^Apc) for all finite F, G C F. 
We first show that /i(A^) yu(Airj for all finite F C F. 

Lemma 5.3. fJ.{AF) < liminf„ /i(y4^) for all finite F C F. 

Proof. We may write as a countable disjoint union Ap = Um>o^"^ where fi('y"'Am H 
^m) = for all 7 G F and m G N. Then for any e > we can find M so large that 
Sm>MA^(^m) ^ Since [a^i] — > [a] in r we have that E{a,K) C TLim„F(a, i^) so by 
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Proposition 13.51 a -< {an : n G /} for any infinite / C N. Thus there exists such that for 
each n > N we can find Aq, . . . , A^j_-^ such that for all 7 G -F U {e} and i,j<M we have 

|/i(7M, n A,) - n A^)\ < 

Then, fixing n with > A^, in particular we have /i(7""y4" fl A") < 2a.p\f\ 1/^(^0 "~ 
< 2mI^ for all 7 G F and i < M, and n A]) < ^j^^ for all i,j <M,zj^ j. 
Define for i < M the sets 

B: = A^\{[jr-A^u\jA]). 

Then for 7 G F, 7°"Sf n = and for i ^ j, 5f n = 0. Thus U^f C A^. Since 
> ;,(Ar)-((M-l) + |F|)^ > /.(A,)-^ it follows that /i(A^) > E.<Af /^(^D > 
(Si<M /^(^«)) ~ f > Ai(^F) — Since this holds for all n > and since e > was arbitrary 
we are done. □[Lemma] 

Lemma 5.4. limsup^ /i(74^) < fJ^{Ap) for all finite F C F. 

Proof. We may write each Ap as a countable disjoint union Ap = |Jm=o where for all 
n, m G N, 7°" ■ n A;; = 0. We also define A"^^ = X \ A^p. Let Sq, Si, S2, . . . be a 
sequence of disjoint nonempty clopen subsets of let A;™ € -Bm, and define (pn '■ X ^ K hy 
4>n{x) = km for X G AJ^. The set 

BF = {feK^: (Vm > -1) [/(e) G ^ (V7 G F)(/(7) ^ 
= K^\[j {^:\Bm)n[j'n-\Bm)) 

m> — 1 7eF 

is closed and contained in the open set Up = {f : W-y E F /(7) 7^ /(e)}. Fixing n, for each 
m > we have that 

($'^-«n)-i(,r;i(i?^) n IJ n-\Bj) = Aln[j 7'^"^^ = 0, 

7G-F 7eF 

while for m = -1 we have that (<l><^"'"")-i(7r-i(5_i) n U7eF ^7^(^-1)) = ^-1 since A^^i C 
U^g^7""A^i. It follows that (<l><^"'"")-i(5^) = A^. Let A„ = (<l><^"'""),/i G E{an,K). Take 
any convergent subsequence {A„^}, and let A = limfcA„^. Since E{an,K) — )■ E{a,K) we 
have that A G F(a, i^), so let p„ = (<l>'^"'")*/i G F(a, fC) be such that pn A. We now have 

\imsupi^fi{A^^) = limsupj!jA„;.(-BF) < ^{Bp) < X{Uf) 

< liminf„p„(?7F) = liminf„/i({x : V7 G F tpniil-^Tx) ^ ^„(a;)}) < ^(Af). 

Since the convergent subsequence (A^^,) was arbitrary we conclude that limsup„p(74^) < 
KAf). □ 

It follows from the above two lemmas that pIAf) = \imn fi{A]^) for all finite F C F. Now 
let F, G C F be finite and note that Ap = A^g,U[J^gg, Ap^^^y and Af = Af,g^[Jj(zg ^fu{7}- 
We have just shown that p{Af) = lim„/i(A^). By the inclusion-exclusion principle we have 

jcG:\J\=k} f^i^Fuj)^ a'^d since fi{Ap^jj) fi{AFuj) for 
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each J C G it follows after another application of inclusion-exclusion that fJ^iXJ^^Q ^fu{7}) ~^ 
M.,^G^Fu{^})- Thus /i(A^G) ^ KMg)- □ 

Corollary 5.5 r |AEllaj ). For each 6 G IRS(r), {[a] : type(a) = 6} <Z A^(r,X,/i) is 
compact in r. In particular {[a] : [a] is free} is compact in t. 

Remark 5.6. The technique used in the proof of Theorem 15.21 can be used to show that 
combinatorial invariants of measure preserving actions such as independence number (see 
[CKlOj and [CKT-DlT] ) are continuous functions on {A^{T,X, fi),T). 

Theorem 5.7. Let T be a countable group. 

(1) The map {A{T , X , fi) , w) — j- {Ar^(T,X, fi),T), a i— )► [a], is Baire class 1. In particular, 
for each 6 G IRS(r) the space {a G y4(r,X, /i) : type(a) = 9} is a Gs hence Polish 
subspace of {A{T,X, fi),w). 

(2) The topology t is a refinement of the quotient topology on A^{r,X,fi) induced by w. 
If {X, fi) is not a discrete space and T ^ {e} then the r topology is strictly finer than 
the quotient topology. 

Proof. We begin with (1). For this we show that a ^ E{a,K) G 3C is Baire class 1. 
We observe that {a : E{a,K) C C} is closed in {A{r , X , fi) , w) whenever C C Ms{K^) 
is closed. This is because if a„ G A(T,X,^), n G N, is such that E{a,K) C C and 
On — )■ a G A{r, X, n) in the weak topology then E{a, K) C -E(a„, K) C C. 

The topology ry on % is generated by the sets {L : L C U} and {L : LnU ^ 0}, where 
U ranges over all open subsets ofMs{K^). For any open U C Ms{K^) the above observation 
shows that {a : E{a,K) nU 7^ 0} is open, and if we write U = Un where each C„ is 
closed and C„ C int(C*„4.i) then {a : E{a,K) C U} = Uni*^ ■ E{a,K) C which is 

For the first part of (2) we note that the following are equivalent for a subset B of 
A(r,X,/i): 

(i) B is weakly closed and for all a,b E A(T, X, fi), a E B and b ^ a implies b E B. 

(ii) B is weakly closed and for all a, 6 G A{r, X, fi), a E B and b = a implies b E B. 

(iii) For all a E A{T,X,ii), a -< B implies a E B. 

The implication (i)=^(ii) is trivial, (ii)=^(iii) follows from Proposition 13. 5[ and (iii)^(i) 
follows from the fact that if a„ — )■ a in A{r, X, fi) then a -< {an}nm- To show the first part 
of (2) it suffices to show that if B satisfies the above equivalent properties, then = : 
a G S} is closed in r. Let L = [J^^jg E{a, K). Then L C Ms{K^) is closed and property 
(in) tells us that B^ = {[a] E A^(T,X, fi) : E{a,K) C L}, which is exactly the definition 
of a basic closed set in Ty- 

Suppose that {X,fi) is not discrete and let C C X be the continuous part of X so that 
fi{C) > 0. Then (C, fic) is a standard non-atomic probability space so there exists a universal 
measure preserving action a = F rx"- {C, fic) weakly containing all other measure preserving 
actions of F. Let b be the action of F on {X, fi) whose restriction to C is equal to a and 
whose restriction to X \ C is identity and let b = F r^,** (X, /i). As -< a by Lemma [3.41 
there exist isomorphic copies of a converging to in A{r,C,fic)- This yields isomorphic 
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copies of b converging to in A{T, X, /i). Thus [t^] is in the closure of {[b]} in the quotient 
topology, but [l^] is not in the r topology closure of {[b]} since T ^ {e} so that 7^ [i*]- D 

Remark 5.8. The map X — )■ 3C sending L i-)- coL is continuous in the Vietoris topology Ty. 
Indeed, if L„ — )■ L^o we show that Tlim „coL„ C coLqo ^ Tlim„coL„. Let A G TLim „coLn so 
that there exists G coL„^. with — )■ A. Then there exist probability measures [ink 
Ms{K^^ supported on with A„j. = /^^^yj ^^r) pdjJink ^'^'^ (after moving to a subsequence 
if necessary) we may assume that /i^^. converges to some measure /x on Ms{K^). Then 

~ /peJ\/ (K^)Pdt^- Co ^ C*i ^ ■ ■ ■ be a sequence of closed subsets of Ms{K^) with 
Loo ^ int(Cm) for all m and Loo = flmCm- For each m the set {L G X : L C C^} is 
a neighborhood of Lqo in X and so contains L^^, for all large enough k. It follows that 
fJ'{Cm) > liminffc = 1, and so fi{L^) = limm/i(Cm) = 1. Since /i is supported on 
Loo and has barycenter A, it follows that A G coLqo. For the second inclusion it is easy to see 
that coLoo ^ Tlim„coL„ and since the latter set is closed it follows that coLqc ^ Tlim„coL„. 

If now a is a measure preserving action of F and {Y, v) is non-atomic then a is stably 
weakly equivalent to an action on {Y, v) and we let [a]^ = {6 G A{T, Y,v) : b ~s a} denote 
the stable weak equivalence class of a in (F, v) (see Definition IB. ip . It follows that the space 
y4^^(r,y, v) = {[a\s : a is a measure preserving action of F} of all stable weak equivalence 
classes of measure preserving actions of F may be viewed as a compact subset of X via the 
map [a]s i— )■ co£^(a, i^). Since type(a) = type(t x a) it follows that type(a) is an invariant 
of stable weak equivalence. The map [a] h-)- type(a) then factors through [a] h-> [a]s, and so 
Theorem 15.21 also holds for stable weak equivalence. 

5.3. Random Bernoulli shifts. Given 6 G IRS(F), one constructs a measure preserving 
action of F of type 9 as follows (see |AGVlll Proposition 45]). 

Fix a standard probability space {Z, i]) and let Z-\^ = Ui^eSubcr) Z^^^ . Here, H\T denotes 
the collection of right cosets of H in F. We define the projection map Z-"^^ — )■ Sub(F), 
/ 1-^ Hj G Sub(F), where Hj = H when / G Z^^ . We endow Z-^ with the standard 
Borel structure it inherits as a Borel subset of Z^ x Sub(F) via the injection / i— ?• ((71—)- 
/{Hfj)), Hf). The image of Z-"^^ under this map is invariant under the product action sx c 
of F on X Sub(F) (where s denotes the shift action of F on Z^), and we let s denote 
the corresponding action of F on Z-"^^. We have that H^sj = 'jHf'j~^ for each 7 G F and 
/ G Z-\^ and (Y f)ilHf'j~'^S) = f{Hf'j~^S). Let 7]^^^ denote the product measure on 
Z^^^ C Z-"^^, and observe that under this action we have {'y''^)*ri^^^ = r]^'^^'~' . It follows 
that the measure rj^"^^ on Z-"^^ defined by 

JH 

is invariant under the action of F. We let sg^^ denote the measure preserving action F 
(Z-^^, 77^"^^), and we call s^^^ the 9-random Bernoulli shift of T over (Z^rj). This action 
always contains as a factor via the "projection" map / 1— )■ Hf. When rj is non-atomic then 
the stabilizer map / Fj of s^,?? coincides almost everywhere with this projection. Indeed, 
if 1] is non-atomic then for r^^^'^-almost every / the function / : H\T Z is injective. Since 
every 7 G Fj satisfies f{H'~f~^) = f{H), the inclusion Tf C Hf is immediate for injective 
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/, and as Hj C always holds we conclude that Tj = Hj almost surely. In particular 
type(s5)^) = 9. We have thus shown the following. 

Proposition 5.9 ( [AG VI 1] Proposition 45]). Let T be a countable group. For every 9 G 
IRS(r) there exists a measure preserving action of type 9. Namely, the 9-random Bernoulli 
shift SQ^ri over a non-atomic base space {Z,r]) has type 9. 

It is clear that an isomorphism (Zi,?7i) = (^2,772) of measure spaces induces an isomor- 
phism Se.rji — sg^^j. The next proposition characterizes precisely when type(se^^) = 9 for 
various rj. Below, we write N{H) for the normalizer of a subgroup H of F. 

Proposition 5.10. Let T be a countable group, let 9 G IRS{T), and let {Z,ri) be a standard 
probability space. 

(1) If rj is non- atomic then Tf = Hf almost surely; 

(2) If Tj is a point mass then = N{Hf) almost everywhere and the map f h-j- Hf is an 
isomorphism Sg^r] = so that type(se ,,) = type(0). 

(3) Suppose rj is not a point mass. Then for each infinite index subgroup of H < T , 
T f = Hf for rj^^^ -almost every f E Z^^^ . Thus, if 

9{{H : [T ■.H]<oo and N{H) ^ H}) = 

then Tf = Hf almost surely. In particular if 9 concentrates on the infinite index 
subgroups of T then Tf = Hf almost surely. 

(4) Suppose that rj contains atoms. If 

9{{H : [r : if] < 00 and N{H) ^ H}) > 

then type(s6»,r)) 7^ ^• 
In particular, type(s6»,r;) = 9 if and only if Hf = Tf almost surely. 

Proof. We have already shown (1) in Proposition 15.91 and (2) is clear. For (3) fix an infinite 
index H <T along with some ■y ^ H and inductively define an infinite sequence {5n}nGN by 
taking 6n+i G F to be any element of the complement of IJj<n(-^'^« ^ H'y~^6i U {jH'y~^)5i U 
(7/77"'^) (75j)) (we are using here the fact that the collection {H5 : H G Sub(F), 5 G 
F, and [F : if] = cxo} of all right cosets of infinite index subgroups of F generates a proper 
ideal of F (see, e.g., the proof of Lemma 4.4 in |Ke05] )). By construction all of the cosets 
ii(5o, H'y~^6o, H61, H'y~^6i, . . . are distinct so, letting A C Z he any set with < ri{A) < 1, 
it follows that 

r/^\^({/ : 7 e F;}) < r^^\r({/ : V5 G F ifiH5) = fiHy-'d))}) 

<^''^^(n{/ ■ fiH6^)JiHy'X)eAor fiH5^)JiHy-'5^)^A}) 

neN 

= lim (viAf + {1 - viA))Y = 0. 

TV— i>oo 

Thus 7 ^ F/ for r^'^^^-almost every /, and since this is true for each 7 ^ ii we obtain T f <Z H 
for ?7^\'"-almost every /. 

We now prove (4). Let 9s = type(se,r;)- Let zq E Z he an atom for the measure rj. The set 
A = {f e Z^\'^ : [F : Hf] < 00, N{Hf) ^ Hf and V7 G F (/(ii/7) = Zo)} is T^^^^-non-null 
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and Tf = N{Hf) Hj for each f e A. Thus [T : Tf] = [T : N{Hf)] < [T : Hf] for each 
f eA. When f ^ A we still have [T : Tj] < [r : Hf]. It follows that 

and so 6s ^ 6, which finishes (4). 

It is clear that = Hf almost everywhere implies type(se^^) = 6. Suppose now that 
Tf ^ Hf for a non-null set of / G Z-^'". Then (1) implies that i] contains atoms and (3) 
implies that the set J = {f E Z-"^^ : [T : Hf] < oo and Tf ^ Hf} is non-null. The 
inclusions Hf C F/ C N(Hf) holds for all / E Z-"^^ and so 

e{{H : [T:H]<oo and A^(//) ^ if}) > r/^\^(J) > 0. 
Part (4) now implies that type(s6i^,,) ^9. □ 

Theorem 5.11. Let T be a countable group, let 9 E IRS(r), and let sg^ri be the 9-random 
Bernoulli shift over the standard measure space {Z,r]). Letp : Z^\^ Sub(r) denote the 
projection p{f) = Hf factoring se^n onto 6. Assume that rj is not a point mass. Then the 
following are equivalent 

(1) 9 concentrates on the infinite index subgroups ofT. 

(2) The extension p : s^^^ 6 is ergodic. 

(3) The extension p : Sg ^i is weak mixing. 

In particular, if 6 is infinite index then sg^ri is ergodic if and only if is ergodic. 

Proof (3)^(2) is trivial. (2)^(1): Suppose that 9{C) > where C = {H : [T : H] < oo} 
and let A <Z Z be any measurable set with < ri{A) < 1. Then the set B = {f E Z-^^ : 
Hf E C and ran(/) C A} is a nontrivial invariant set that is not p-measurable. 
(1)^(3): We must show that the extension p : Sq^^i ®6 Se,ri — )■ ^ is ergodic, where 

se,, ®e sg,, = r r^-^ {Z^\^ x Z^\^ , ! r,^\^ x r,^\U9) 

JH 

and p{f,g) = p{f)- Let (Y,!/) = {Z x Z,ri x t]). Then we have the natural isomorphism 
f '■ Se,r} ®6» Se,ri — Se,u such that p{f, g) = po ip{f, g) almost surely, so it suffices to show that 
the extension p : sq^^ 6 \s ergodic. If 6^ = j^^y^ 9{w) dp{w) is the ergodic decomposition of 
9 then Sq^^ decomposes as Sg ^, = /^gjy SQ^^,^dp{w) and p : Y-\^ Sub(r) factors Sq^^j^ onto 
6y^ almost surely. We may therefore assume that 6 is ergodic toward the goal of showing 
that Sg^i, is ergodic as well. 

Since 6 is ergodic, the index i of N{H) in F is constant on a 6'-conull set. If i < oo 
then the orbit of almost every H is finite and ergodicity implies that there exists an Hq E 
Sub(r) such that 9 concentrates on the conjugates of Hq. Then Ho is an infinite index 
normal subgroup of Kq = N{Ho) which implies that the generalized Bernoulli shift action 
s = Kq r\'^ (^y^^o\r^ ^HoVr^ ergodic (see e.g., |KT09j ). Example 15. 131 below then shows that 
sg iy = Ind^p(s), and so S0 ,y is ergodic. 
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If i = oo then we proceed as follows. Let {X,ji) = {Y-\^ , u-"^^) and suppose toward 
contradiction that B C X is invariant and < = r < 1. The map H u^^^^B) 

is conjugation invariant so ergodicity of implies that v^"^^ (B) = fi{B) — r almost surely. 
Let e > be small depending on r. Fix some countable Boolean algebra Aq generating 
B{Y) and let A be the countable Boolean algebra of subsets of X generated by {7r~^{D) : 
D G Aq and 7 G F} where 7r^(/) = f{Hfj) for / G X. Then for every e > there exists 
Ai, . . . , An & A and a partition Cq, . . . , Cn-i of Sub(F) into non-null measurable sets such 
that iji(AAB) < where A = Ui<n(^» np^^C,)). There exists a finite F C F and a 
collection {D^ : 5 e F, j < m, i < n} C Aq such that A^ = Uo<i<n, ClseF^s^W) 
each i < n. 

Lemma 5.12. Let C C Sub(F) he any non-null measurable set. Then for 9 -almost every 
H G Sub(F) there exists 7 G F such that {Ha}aeF H {H^~^5}seF — and ^H^~^ G C . 

Proof. Since is ergodic and [F : N{H)\ = 00 almost surely, the intersection , of C 
with the orbit of H, is almost surely infinite. Fix such an H with both [F : N{Hy\ = 00 
and infinite. Since the set FF^'^ ■ H = {6a^^Had^^ : a, 5 G F} is finite there exists 
7 G F with 7i/7^i G \ (FF"^ • H). This 7 works: 77^7-^ ^ FF"^ ■ H is equivalent to 
7 ^ [ja,5eF Sa'^N{H), so if a, (5 G F then 7 5a-^N{H) and thus Ha ^ H^i-^d. □ 

Using this lemma and measure-theoretic exhaustion we may find a Borel function Sub(F) — )■ 
F, if H- )■ 7j^, with {Ha]a£F H {if7ji^^5}5gir = and 'JhH'Jjj^ G Q for almost every H G Cj, 
and such that the function t/j : Sub(F) — > Sub(F), H i-> ^hH^Jj^, is injective on a conuU set. 
In particular, ip is measure preserving. Let (f : X ^ X he given by </?(/) = {iMfY • / so that 
(f is also injective on a conull set and measure preserving. 

For H <T and D C X let Dh = DDY^"^^ . Then for each i < n and almost every H E Ci 
we have '-^hH'^J^ G Cj and 

3<ni 5&F 

By our choice of 7^^ the sets {7H-ff7^^7_ffQ!}aeF ^-^^d {7_ff-ff7^^5}5eF are almost surely disjoint 
and it follows that the sets A and (/'(A) are v'^"^'^h ^'"-independent almost surely. Since H i-> 
^hH^^ is a measure preserving injection it follows that A and ^{A) are i^-'^^'^-independent 
almost surely. 

We have > ^(AAE) = (AAB) dO > J^\u"\^{A) - r\de so that e{{H : 

|i/^\r(v4) - r| < e}) > 1 - e and since iJ,{AAB) = ij,{ip{A)AB) we also have 0{{H : 
_ ^1 < e}) > 1 _ e. Then 

r = < n{AAB) + fi{ip{A)AB) + n{A n <^(/l)) 

< + /" z/^\r(^)i/^\r(^(A)) < 2e' + 2e + (r + ef ^,_o r". 
This is a contradiction for small enough e since < r < 1. □ 
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Example 5.13. The simplest example of an ergodic 9 G IRS(r) is a point mass 9 = on 
some normal subgroup iV<r. The corresponding random Bernoulli shift Ssjv,,, is isomorphic 
to the usual generalized shift action of V on [Z^/^ ^rf^^). 

Almost as simple is when 9 G IRS(r) has the form 9 = ^ Yl^=o ^-f Hj^'^ where if < F is a 
subgroup with finitely many conjugates ■jqH'Jq^, ■jiH'y^^, 72-^7^^, . . . 'jn-iHj^^i. Clearly 9 
is ergodic. In this case the random Bernoulli shift sg^r) may be described as follows. The set 
T = {7i}i<„ is a transversal for the left cosets of the normalizer K = N{H) of H in F, and 
the natural action of F on T given by 7-t G jiKnT for 7 G F and t & T preserves normalized 
counting measure ut on T. Since H is normal in K, the restriction to K of the action s leaves 
Z^\^ invariant and preserves the measure r]^\^ so that s = K (Z^"^^ ,1]^^^) becomes the 
usual generalized Bernoulli shift. We let b denote the induced action b = Ind^(s), which is 
the measure preserving action F (Z^"^^ x T, t]^\^ x ut) given by 

7Ui) = (p(7,t)7,7-t) 

where p : T x T ^ K is the cocycle given by ^(7, t) = (7 ■ t)~^'jt. The map vr : Z^"^^ x T — )■ 
Z^\^ given by vr(/, t) = t^f G Z*-'^* is an isomorphism of b with Sg fj. Indeed, vr is 
equivariant since 

7r{^\f, t)) = 7r(p(7, 7 ■ t) = (7 ■ V(7, t)7 = (7^)7 = l^f = 7^vr(/, t) 
and TT is measure preserving since 

teT teT 

It is also clear that vr is injective since t i— t- tHt^^ is a bijection of T with the conjugates of 
H. 

5.4. A sufficient condition for weak containment. 

Notation. For sets A and B we let A-^ = Uccb^'^- We identify k e N with = 
{0, 1, . . . , fc — 1}. A partition of (X, //) will always mean a finite partition of X into Borel sets. 
When P is a partition of {X, n) we will often identify elements of V with their equivalence 
class in MALG^. We use the script letters Af, O, V, Q, 71, S and T to denote partitions, 
and the printed letters A^, O, P, Q, R, S and T respectively to denote their corresponding 
elements. If V and Q are two partitions of (X, /i) then we let PV Q = {PnQ : P eV, Q E 
Q} denote their join. We write P < Q if Q is a refinement of V, i.e., if every Q G Q is 
contained, modulo null sets, in some P eV. 

Suppose F r\'^ {X, fi) and V = {Pq, . . . , Pk-i} is a partition of X. If J is a finite subset of 
F and t E then we define 

■yeJ 

We will write Pr when the action a is understood. Note that P0 = X. We let F act on the 
set [Jlk"^ : J C F is finite} by shift, i.e., (7 ■ t)(5) = r(7~^5). Then dom(7 ■ r) = 7dom(r). 

The following lemma establishes a sufficient condition for a measure preserving action a 
to be weakly contained in B which will be used in the proof of Theorem II. 5[ This lemma is 
inspired by |AW1H Lemma 5]. 
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Lemma 5.14. Suppose a = F rx*^ {X,^) and B is a collection of measure preserving actions 
of T . Suppose V^'^^ < V^^^ < ■■■ is a sequence of partitions of X such that the smallest 
a-invariant measure algebra containing IJn'^^"'' o/MALG^. Then a ^ B if for any 

n, writing V^"'^ = V = {Pq, . . . , Pk-i} , for all finite subsets F <Z T and all 6 > 0, there 
exists some T rx^ (Y, u) = b E B and a partition Q = {Qo, . . . , Qk-i} ofY such that for all 

Proof. Suppose the condition is satisfied and let Ai, . . . , Am G MALG^, -Fq C F finite with 
e E Fq, and e > be given. Let e G Go ^ G*! C ■ ■ ■ be an increasing exhaustive sequence 
of finite subsets of F, and let G„ ■ = V^gc™ 7" " Then G„ ■ n = 0, 1, 2, . . . , 

is a sequence of finer and finer partitions of X and the algebra generated by IJ^ Gn ■ V^"^ is 
dense in MALG^. There exists an N and Di, . . . , Dm in the algebra generated by Gn ■ V^^^ 
such that ii{A-ADi) < \ for all i<m. Let G = G^ and V = V^^'> = {Pq, • • • , ^fc-i}- 

We can express each Di as a finite disjoint union of sets of the form P^r, a G , i.e., 
Di = \_\{Pcr '■ 0" G Jj} for some /j C k^. Applying the condition given by the lemma 
to -F = FqG and < 6 < we obtain F r^,** (y, i/) = 6 G i3 and a partition Q = 
{Qo, C MALG^ such that for all r G k^^"^, |/i(P^) -z/(g^)| < 5. For i < m we let 
Bi = \_\{Qa ■ cr G /j}. Note that for 7 G Fq and a, a' G k'^ we have dom(7 ■ a) = 7G C FqG 
and 

P^.^uo-' if 7 ■ 0" and o' are compatible 
otherwise. 



7"P^ n P,, = P^.^ n P^, 



Similarly ■ Qa ^ Qa' equals either Q^.aua' or depending on whether or not 7 • a and cr' 
are compatible partial functions. It then follows from our choice of F that |/i(7"Po- fl Pq-') — 
^{'J^Qa n Qa')\ < S for all cr, a' G fc*^. We now have for i,j <m and 7 G Pq that 

|/i(7M, n A,) - flip's., n p,)| < ^ + y 7'^P, n P^O - z/( |J 7'^. n g^OI 



2 

<^ + \Ii\\Ij\5 <e. □ 



5.5. Independent joinings over an IRS and the proof of Theorem II. 51 Let a = F nJ^ 

(y, v) be a non-atomic measure preserving action of F, and let 9 = type(a). The stabilizer 
map y Ty factors a onto 6 and we let u = jjjVn dO be the corresponding disintegration 
of u over 6. Fix a standard probability space {Z,r]) and let sg^rj = T (Z-^^ ,r]^\^) 
be the 6'-random Bernoulli shift over {Z,7]). The map / i— )■ Hf factors Sg.r; onto and 
the corresponding disintegration is given by t]^^^ = t]^\^ dO. The relatively independent 
joining of Sg ^^ and a over 6 is then the action F r\^^°- [Z-^^ x Y^rj^^^ ®0 u) where 

V'\^ ®e V = X uh) de = x J^^.^^^^^ 5, duM) dO = ^rfy\^ x 6,) du. 

It is clear that ?7^^^ ®e ^ concentrates on the set Z-"^^ ®a ^ = {(/? u) '■ Hf = Ty}. We write 
b = T rx-^ (X, jj,) for F r>"^" ®„ F, r^^^^ u), so that 6 = s x a, X = Z^\^ F, and 

/i = / V^"^^ X ^ydv{y). 

Jy& 
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Theorem 11.51 then says that b is weakly equivalent to a. 

Proof of TheoremlTE It suffices to show that b -< a. Let J\f^^^ < A/'^^^ < ■ ■ ■ and 7^(°) < 
7^(1) < ... Iqq sequences of finite partitions of Z and Y respectively such that iJn-^''"^ 
generates MALG^ and IJ^ TZ^'^^ generates MALG^ (for example if Z = F = 2^ then we can 
let A/"*-""^ = TZ^"^^ consist of the rank n basic clopen sets). For each 7 G F let vr^ : X — )■ Z be 
the projection 7r^(/, y) = fi^y'j) and define the finite partitions 5''°^ < iS^^-' < ■ ■ • of X by 

= {7r;\N) : N G A^^")}. 

For A OY let A O X denote the inverse image of A under the projection map {f,y)^yeY 
and define 

= {R : Re 7^(")}. 

Then the smallest 6- invariant measure algebra containing the partitions P*^"-* = 5'-"^ V 'JZ^''^\ 
n G N of X is all of MALG^. Fix n, define Af = A^^") = {Nq, Na-i} and for i < d define 

at = fj.{Si) = r]{Ni) 

along with 

5 = 5(") = {5o,...,5,_i} 

7^ = 7^(") = {/^o,...,i?fc-l} 

V = = {p. . = SinRj : i<d,3< k}. 

For F C F finite we naturally identify {d x k)-^ with IJ jcf ^ ^"^ ■ Under this identification, 
for J C F and (r, a) e d"^ x k^ we have 

PL) = n^^'"^^w-w = n (t^^'^^.w HT^^'^^.w) 

= ( n 7^"^^-(7)) n ( n 7^"^^-(7)) = n Rl 

jeJ -yeJ 

By Lemma I5.14[ to show that 6 -< a it suffices to show that for every F C F finite, and 
e > 0, there exists a partition Q = {Qij : i < d, j < k} of Y such that for all J F, 
(r, a) e d-^ X y 

\li{Sr^Ra)-p{Q(^r,.))\ < e. 
Fix such an F C F finite and e > 0. We will proceed by finding a partition T = {Tq, . . . , Td-i} 
of Y and then taking Qij = Tj fl Rj, in which case we will have Q{T,a) = (n7eJ 7"-^-^(7)) 
(Pl^gj 7"-Ro-(7)) = Ft- n Ra- We are therefore looking for a partition T so that 

(5.1) y{T,a) e {dx k)^^ \i2{Sr n R^) - iy{T^ n R^)\ < e. 

We ffist calculate the value of ^{Sr H A) for t e d"^ {J C F) and A C F. Let denote the 
finite collection of all equivalence relations on the set J. For E e £j let us say that red'' 
respects E, written r ^ F, if r is constant on each F-equivalence class. For a subgroup 
if < F let Ej{H) e Sj denote the equivalence relation determined by tEj{H)s if and only 
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if Ht = Hs (if and only if r^H = s'^H). We write Ej{y) for Ej{Ty). For each E e Sj we 
fix a transversal Te ^ J for E. We then have 

fiiSr nA)= [ v^y\mf e z^y\^ wt e J (/(r,t) e iv,(i))}) duiy) 

JyeA 

= E / ^'^^'({/ ^ ^'^^^ : Vt G ifiVyt) G iV,(,))}) rf^y) 

(5.2) = Yl ^(^^{y ■ Ej{y) = E}) H arit) 
{E£Sj:t<s:e} teTE 

We now proceed as in the proof of [ AWllj Theorem 1]. Without loss of generality Y 
is a compact metric space with compatible metric ciy < 1. Fix some eg > such that 
^o'^ < 2idk)\p\%2\F\+i - For 5 > define the sets 

Ds = {yeY:Ws,teE {t-^y ^ s'^y dyit-^y, s'^y) > 6)} 
Es = {iy,y') E Ds X Ds : \/s,t e F {dY{s-^y,t~W) > 5)}. 

Then ^{Dq) = 1 by definition, and v'^{Eq) = 1 since u is non-atomic. Thus there exists 6 > 
such that u{Ds) > 1 - and u'^iEs) > 1 - 

Fix a finite Borel partition {Om : 1 < m < M} of Y with diam(Om) < S for each m. For 
y eY let a{y) = m if and only if ?/ G O^. Let (fi,P) = {d^\ p^^) and let ^^(i^) = (^(-m), so 
that {Ym : 1 < m < M} are i.i.d. random variables. For uj eVL and i = 0, . . . , ci — 1 define 

T,(a;) = {yeY : u{a{y)) = t}. 

Then each cu E fl defines the partition T{uj) = {To{u), . . . , Td-i{u!)} of Y. Let Tj = {(w, : 
1/ G Ti{u)} and let = {{u,y) e Q x Y : y e Tr{u) = Cit^jt'^ ■ (T,(t)(u;))}, r G d^^. We 
view T as a "random partition" of Y. We let F act on Q trivially so that, e.g., 7 ■ {Tt-{u)) = 
(7-Tr)(ci;), and for B (1 QxY and y ^Y we let B"^ denote the section B^ = {u : {u,y) E B}. 
We show that T satisfies (15. ip with high probability. 

Fix now some A OY and r G rf"', J (1 F. Note that if |/ G 1^ and r does not respect Ej{y) 
then there exist t,s E J with t^^y = s^^y and r(t) 7^ t(s), so that (Tr(t)y ^n(TT-(s))^ ^ = 
and thus (T,-)^ = f]^^j{t ■ T^(^i))y = f]t^j{Tr(t)y = 0- It follows that the expected measure 
of T,(w) n A is 

EHTriu) n A)] = X4 lTA^,y)dF{u)) du{y) 

= J^Fm)y)du{y) = EiEee,-.r<<E}Iiy,A-.EAy)=E}niTry)du{y) 

(5-3) = j:iE,e,:r«E} ( 4,^^!., : i..,(.)=i.} + 

Fix some E E Sj with r <^ E and some y E Ds with Ej{y) = E. For t, s G J, if t and s are 
not ii^-related then t'^y ^ s^^y and so dY(t~^y, s~^y) > 6. It follows that Oa(t-'^y) 7^ Oa(s-iy) 
since each Oq, has diameter smaller than 6. So as t ranges over Tg, the numbers a{t~^y) are 
all distinct and the variables ^0,(4-1^) : u ijj{a(t~^y)), t E Te, are therefore independent. 
We have t~^y E Tt-(()(u;) if and only if ulalt'-^y)) = r(t), so the sets {t ■ TT.(t)Y = {Tr{t)y 
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t e Tg, are all independent. If tEs then as r ^ we have that {TT-(^t)Y = (^r(s))'' ■ It 
follows that 

(5.4) niTrf) = P( HteAt ■ Trit)f) = UteTE niTrit))'''') = UteTE 

Continuing the computation, the second integral in (15. 3p is no greater than z/(y4 \ Dg) < ^ 
and iy{A f] D5 f] {y : Ej{y) = E}) is within ^ of u{A n {y : Ej{y) = E}), so after 
summing over all E & Sj we see that (15. 3p is within ^ of (15. 2p . i.e., 

(5.5) \E[u{Tr{uj)nA)]-fi{SrnA)\<^-^. 

Now we compute the second moment of z/(T^(u;) fl A). 

E[uiTr (u) n A)2] = ( /^^^ {uj, y) dv{y)) ( j^,^^ 1^. (a;, y') ^^2/')) 

= Ly')^A.A ( L y) (c^, z/') p ) rf^^ 

(5-6) =ky,y'),A.An(T.y^(T^r)du' 

For (y, y') G Es, if t,s E J then dyit'^y, s^^y') > 6, so that Oa{t'^y) and 0q,(s-12;') are disjoint. 
It follows that the two events : Vt G J (F„(t-iy)(w) = r(t))} = ntGj(^rw)*~'^ = (7^)^ 
and {w : Vs G J {Ya(^s-\yi){ijj) = t(s))} = nsGj(-^-^('5))'* ~ (^t)^' are independent. We 
obtain that the part of (15.61) integrated over {A x A) n Es is equal to 



Er«E,E'e£y{{A xA)nEsn {{y,y') : Ej(y) = E, Ej{y') = E'}) UteT^ 11 



where we used the fact that Eg ^ Ds x Ds along with the known values from (15. 3p and 
(15. 4p . The part of (15. 6p integrated over {A x A)\ Es is no greater than ^, and for each pair 
E,E' G withr < E,E', the value of //^((Ax A)n^5n{(y, y') : Ej{y) = E, Ej{y') = E'}) 
is within of z/(An {y : Ej{y) = E})h'{An {y' : Ej{y') = E'}). Summing over all such 

E, E' G £j we obtain that (15. 6p is within y of the square of (15. 2p . i.e., 

(5.7) I E [u{T,{uj) n Af] - i2{Sr nAf\< |. 

From (15. 5p and (15. 7p it follows that the variance of z/(Tr(u;) fl A) is no greater than cq. By 
Chebyshev's inequality we then have 



P(|z/(T,(a;) nA)- /i(5, n A)\ > e) < P(|z/(T,(a;) DA)- E[i^{T^{co) n A)]\ > f) 
< FiHTriu) nA)- EHT^ico) n A)]\ > (fcrf)l^l/22l^l+ief ) < (^^y^^ 

and since this is true for each r G c?-^ and \d-^\ < 2l-^l(i'^', we find that 



P(3r G c/^^ {W{Tr{co) nA)- fi{Sr n i)| > e)) < ^ 



Since A CY was arbitrary, this is in particular true for each A = R^j, a G /c-'^, so that 
P(3r G d^^, a G A;^^ (|i^(T,(a;) n i?,) - /i(5, H i?,) | > e)) < ^. 
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So taking any in the complement of the above set, we obtain a partition T = T{ujo) 
satisfying flS.ip . □ 

Theorem 11.51 shows that among all non-atomic weak equivalence classes of type 6 there 
is a least, in the sense of weak containment. Namely Sg x where A is Lebesgue measure on 
[0, 1]. We note that there is also a greatest. 

Theorem 5.15. Let 6 G IRS(r). Then there exists a measure preserving action ag ofT with 
type{ag) = 9 such that for all measure preserving actions b ofT, if type{b) = 9 then b ~< ag. 

Proof. Let {Y, v) be a non-atomic standard probability space. If b is any measure preserving 
action of F of type 9 then t x b is also of type 9, weakly contains 6, and is isomorphic to 
an element of A{T, Y, u). It thus suffices to show there is an action ag of type 9 that weakly 
contains every element in the set Ag = {a & A{T, Y, v) : type(a) = 9}. 

Let {an}n&i be a countable dense subset of Ag. For each n the stabilizer map y i— )■ 
staba,^(y) = {7 G F : 7'*"?/ = factors a^ onto 6. Let ag denote the relatively indepen- 
dent joining of the actions ao, <2i, CI2, • • • over the common factor 0, i.e., ag = V r>n„«n 
(y^, vg) where the measure vg has each marginal equal to v and concentrates on the set 
{(2/0, 1/1, y2,---)^Y^ : Mn (staba„(|/n) = stabao(2/o))}- Then for i/^-almost every (yo, yi, ■ ■ ■) e 
we have stabpi a„((yo5 Z/i, • • • )) = staba„(?/o)5 from which it follows that type(a0) = 9. 
Since a„ C ag for all n the set {a E Ag : a -< ag} is dense in Ag so by Lemma 13.41 ag 
weakly contains every element oi Ag. □ 

6. NON-CLASSIFIABILITY 

6.1. Non-classifiability by countable structures of =, and =^ on free weak 
equivalence classes. 

Definition 6.1. Let E and F be equivalence relations on the standard Borel spaces X and 
Y respectively. 

(1) A homomorphism from £" to F is a map ip : X ^Y such that xEy =^ ilj{x)Filj{y). 

(2) A reduction from ii^ to F is a map ip : X ^Y such that xEy ilj{x)Ftlj{y). 

(3) E is said to admit classification by countable structures if there exists a countable 
language C and a Borel reduction from E to isomorphism =£ on X^, where Xc is 
the space of all /^-structures with universe N. 

(4) Suppose that the space X is Polish. We say that E is generically F-ergodic if for 
every Baire measurable homomorphism ip from E to F, there exists some y &Y such 
that 4'~'^{[y]F) is comeager. 

The proof of the following lemma is clear. 

Lemma 6.2. Let Fi and F2 be equivalence relations on the standard Borel spaces Yi and 
Y2 respectively, and let E be an equivalence relation on the Polish space P. Suppose that E 
is generically F2-ergodic and that there exists a Borel reduction from Fi to F2. Then E is 
generically Fi-ergodic. 

Since the orbit equivalence relation associated to a generically turbulent Polish group ac- 
tion is generically =£-ergodic for all countable languages C ( |HjOO] ), Lemma immediately 
implies the following. 



32 



ROBIN D. TUCKER-DROB 



Lemma 6.3. Let S be a Polish group and let P be a generically turbulent Polish S-space with 
corresponding orbit equivalence relation E^. Let F be an equivalence relation on a standard 
Borel space Y and suppose that is not generically F-ergodic. Then F does not admit 
classification by countable structures. 

Let CK be an infinite dimensional separable Hilbert space and let 'U(!K) denote the unitary 
group of which is a Polish group under the strong operator topology. The group 'U(!K) 
acts on '\1['KY by conjugation on each coordinate and we may view the space Rep(r, IK) of 
all unitary representations of F on IK as an invariant closed subspace of 'U(if)'", so that it 
is a Polish 'U(CK)-space. We call the corresponding orbit equivalence relation on Rep(r, IK) 
unitary conjugacy and if tti and are in the same unitary conjugacy class then we say that 
TTi and 712 are unitarily conjugate and write tti = 7T2. Let Ap : P — )■ U(^2(r)) denote the left 
regular representation of P and let Rep;)^(P, CK) be the set of unitary representations of P on 
UCK) that are weakly contained in Ap. Then Rep;^(P,CK) is also a Polish UCK) space, being 
an invariant closed subspace of Rep(P, CK). 

The following lemma is proved in the same way as |KLP10t Lemma 2.4], using that the 
reduced dual Pa, which may be identified with the spectrum of the reduced C*-algebra C^(P), 
contains no isolated points ( |KLP10| 3.2]). 

Lemma 6.4. Let k, be a unitary representation ofT on "K. Then the set {n G RepA(P,IK) : 
n ± k} is dense Gs in RepA(P,IK). 

We are now ready to prove Theorem 11.71 

Proof of Theorem \l . ?[ Given a free action Oq G A(P,X, yu), we let [oq] = {6 G A(r,X,^) : 
b ~ flo} denote its weak equivalence class in A{r,X,fi). Let "K = i2(^) and let g : 
Rep(P, K;) — )■ A(T,X,fi) be the continuous map assigning to each vr G RepA(P,IK) the 
corresponding Gaussian action g^ii) G A(T,X,fi) (see |KelOl Appendix E]). We have that 
fl"!^) ~< 9(00 ■ Ar) = sr and so by Corollary II. 6[ ao x g{7i) ~ Oq. Fix some isomorphism 
ip : X^ — )■ X of the measure spaces (X^,/i^) and (X, /i) and denote hj b (p ■ b the cor- 
responding homeomorphism of A{r , X"^ , fi"^) with A{r,X,n). Let ip : RepA(F,IK) — t- [oq] be 
the map ir ip ■ (ao x S'(vr)). This is a continuous homomorphism from unitary conjugacy 
on RepA(F, IK) to isomorphism on [ao], and is therefore also a homomorphism to and to 
=^ on [ao]. 

Claim. The inverse image under ip of each unitary equivalence class in [ao] is meager. In 
particular the same is true for each isomorphism class and each weak isomorphism class. 

Proof of Claim. Let c G [ao]. By Lemma 16741 the set {vr G RepA(F, IK) : tt ± Kq} is comeager 
in RepA(F, IK). If ^p{n) c then n < k^^^^ < Ko'""^^^^ ^ Kg, so that n / k^. □[Claim] 

By |KLP10[ 3.3], the conjugacy action of 'U(IK) on RepA(F,IK) is generically turbulent. 
The homomorphism ip witnesses that unitary conjugacy on RepA(F,IK) is not generically 
-F| [ao]-ergodic when F is any of =, ="', or The theorem now follows from Lemma 
101 □ 

Remark 6.5. If the weak equivalence class [ao] contains an ergodic (resp. weak mixing) action 
60, then the action bo x fl'(^) is ergodic (resp. weak mixing) provided that the representation 
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71 e Rep;^(r,[K) is weak mixing. Since the weak mixing vr are dense Gs in Rep;^(r,CK) 
( [KLPlOl 3.6]) we conclude that isomorphism (and and ='^) restricted to the ergodic 
(resp. weak mixing) elements of [ao] does not admit classification by countable structures. 

It also follows from the above arguments and [HK951 2.2] that the equivalence relation 
Eq of eventual agreement on 2^ is Borel reducible to -F|[a.o] when F is any of =, or =^ 
(and the same holds for F\{b G [<2o] • b is ergodic (resp. weak mixing)} when [ag] contains 
ergodic (resp. weak mixing) elements). 

6.2. Extending Theorem 11.71 It would be interesting to see an extension of Theorem 11.71 
to weak equivalence classes of measure preserving actions that are not necessarily free. We 
outline here one possible generalization of the argument given in the proof of Theorem 11.71 to 
measure preserving actions that almost surely have infinite orbits. Let a = T r\°' (X, /i) be 
such an action, and let 9 = type(a), so that 6 concentrates on the infinite index subgroups 
of r. In place of unitary conjugacy on Rep;^(r, "K) we work with the cohomology equivalence 
relation on a certain orbit closure in the Polish space Z^{6,Vi{^)) of unitary cocycles of 
6, where = £^(N). The cohomology equivalence relation on Z^(0,'U(CK)) is the orbit 

equivalence relation generated by the action of the Polish group 'U(5{) = L(Sub(r), 9, 'U(CK)) 
given by 

(/ ■ a)(7, H) = f{^Hr')a{l, H)f{H)-' e U(JC) 

where / G U(^C), " ^ Z\0,U{:K)), 7 e F, and < F (see [KiTOl Chapter III]). In place of 
the left regular representation A of F we use a cocycle Xg associated to 9 defined as follows. 
Identify right cosets of the infinite index subgroups H <r with natural numbers by fixing a 
Borel map n : Sub(F) x F — N such that for each infinite index H <r the map 7 H- n{H, 7) 
is a surjection onto N and satisfies n{H,'j) = n{H,6) if and only if H'y = H6. Let {e„}neN 
be the standard orthonormal basis for £^(N) = and define G Z^(0, 'U(JC)) by 

for all 7 G F and if < F of infinite index (recall that 6'-almost every H is infinite index in 
F). Fix an isomorphism T : 00 ■ — )■ CK and let a G Z^(0, 'U(CK)) be the image of 00 ■ Ae 
under T, i.e., (7(7, H) = T o (00 ■ Xe){'y, H) o Let Z\{6, 11(3^)) denote the orbit closure 
of a in Z^(0,U(:K)). Using the Gaussian map f/(JC) Aut(X,/i) (see |KelOl Appendix E] 
or |BT-Dllj ). each a G Zj[(0, 1I(:K)) gives rise to a cocycle g{a) : F x Sub(F) Aut(X,/i) 
of 6 with values in the automorphism group Aut(X, /x) of a non-atomic probability space 
(X, /i). We obtain a skew product action g{a) = {X,fi) ^g(a) G on the measure space 
(y, v) = {X X Sub(F),/i X 9), which is an extension of 6. The action g{Xg) is isomorphic to 
sg^ri (where r] is non-atomic) and so the action g{a) is isomorphic to ,jN = sg,?? as well. Since 
a G Zl{6, 11(3^)) we have g{a) -< Sg,^ and thus the relatively independent joining g{a) ®0 a 
is weakly equivalent to a by Theorem II. 5[ The map ipgi^a) := (p ■ {g{a) ®0 a) is then a 
homomorphism from the cohomology equivalence relation on Z^{6,IL{^)) to isomorphism 
on [a] , where ip : YxX ^ X is once again an isomorphism of measure spaces. The remaining 
ingredient that is needed is an analogue of the results from [KLPlOj . 

Question 6.6. Let 9 be an ergodic IRS of F with infinite index. Is the action of 'U(JC) 
on the space Z\{6,IL{'K)) generically turbulent? Is the preimage under ipg of each =^-class 
meager? 
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Two ergodic theoretic analogues of the space Rep;^(r,!K) are the spaces Ao{T,X,fj,) = 
{a e A{r,X,ii) : a -< sr} and Ai{r,X,fi) = {a e A{r,X,n) : a -<s Sr}, where (X,/i) 
is non-atomic. When F is amenable it follows from |FW04j that these spaces both coincide 
with A(T, X, jj) and the conjugacy action of Aut(X, /i) on A(r, X, n) is generically turbulent. 
For non-amenable F, the spaces Ao(F,X, /i), Ai(F,X, /i) and A(F,X, /i) do not all coincide. 

Question 6.7. Let F be a non-amenable group. Is conjugacy on either of Aq{T,X,^) or 
yli(F,X, /i) generically turbulent? 

For all non-amenable F the set y4o(F,X, /i) is nowhere dense in AiiV^X,^) (by Theorem 
II. 3p . so these two spaces may behave quite differently, generically (indeed, every action 
in ^o(r,X, /i) is ergodic, while the generic action in y4i(F,X, /x) has continuous ergodic 
decomposition). The question of generic turbulence of conjugacy on ERG(F,X, /i) = {a G 
y4(F,X, /i) : a is ergodic} is discussed in |KelO[ §5 and §12]. 

7. Types and amenability 

As noted in Remark 14.11 any two free measure preserving actions of an infinite amenable 
group F are weakly equivalent. In this section we prove theorem ll.8[ which extends this to 
actions that are not necessarily free. 

7.1. The space COS(F). Let COS(F) be the space of all left cosets of all subgroups of 
F. Since F G COS(F) ^ V5 G F (5 G F ^ G Sub(F)) it follows that COS(F) is a 

closed subset of 2^. As every left coset of a subgroup if < F is equal to a right coset of a 
conjugate of H and vice versa, COS(F) is also the space of all right cosets of subgroups of F 
and we have the equality COS(F) = {7/75-1 : if < F, 7, 5 G F} C 2^. We let ^ denote the 
continuous action of F on COS(F) by left translation, 7^ ■ {H5) = '~fH6. 

Lemma 7.1. Let T be a countable amenable group and let a = T r\"- (X, /i) be a measure 
preserving action ofT. Then for any finite F C F and S > there exists a measurable map 
J : X ^ COS(F) such that 

fi{{x G X : V7 G F J(7"x) = 7^ ■ J{x)}) >l-6 

and J{x) G F^\F for all x. 

Proof. We note that this is a generalized version of |BT-D11] Theorem 3.1] which applies to 
the case in which a is free and which is an immediate consequence of the Rokhlin lemma for 
free actions of amenable groups. For the general case we use the Ornstein- Weiss Theorem 
|OW80l Theorem 6] which implies that the orbit equivalence relation Ea generated by a is 
hyperfinite when restricted to an invariant co-null Borel set X' C X. We may assume without 
loss of generality that X' = X and Ea is hyperfinite. Then there exists an increasing sequence 
Eq El C ■ ■ ■ of finite Borel sub-equivalence relations of Ea such that Ea = U^o 
Let F and 5 > be given and find X G N large enough so that fi{Xi\f) > 1 — 5 where 
Xtv = {x : 7"x G [x]Eff for all 7 G F}. Fix a Borel selector s : X — X for E^, i.e., for 
all X, xEj\fs{x) and xEi^y =^ s{x) = s{y), and let x 7^; G F be any Borel map such that 
7^ ■ s{x) = X for all x G X. Define J : X ^ COS(F) by J{x) = 7^F,(^). Then J{x) G F^\F 
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since = r^g.^j-^) = 'yx^s(x)'yx- For each x e and 7 e F we have G so that 

s(7"x) = s{x) and thus {'y-yaxY ■ s{x) = 7'^x = (77x)'^ ■ s{x). It follows that 

7.2. Proof of Theorem [US 

Proof of Theorem \1.8\ .( 1). Since type (a) is an invariant of stable weak equivalence (see Re- 
mark ES]), it remains to show the following: 

(*) If ^ G IRS(r) and a and d are measure preserving actions of F both of type 9, then 

a ~<j d. 

We first show that (*) holds under the assumption that a and d are both ergodic. For 
this, by Theorem 11.51 it suffices to show that for any ergodic measure preserving action 
a = V r\"- (X, /i) of F, if type(a) = 6 then a ^ sqj^ for some standard probability space 

We will define a measure preserving action h containing as a factor, and show that the 
relatively independent joining b ®g Sq^^i weakly contains a when is a standard non-atomic 
probability measure. Then we will be done once we show b = SQ^ri- 

Let /i = fiH d9 be the disintegration of fi via x staba(x), and define the measure u 
on the space Y = UHgSub(r){/ ^ ^^""^ ■ staba(/(if5)) = H for all 5 G F} C X^\^ by the 
equation u = j^jj,^^ dO. Let a-^^ be the action on X-^^ that is equal to a^^^ on X^^^ . 
Then a-^'" commutes with the shift action s on X-"^^ and since {Y)*i'y"'"''^)*if^H)^^^ = 
IJ-^^ff^-i ''^^ it follows from invariance of 6 that the action 7'' = 7'^7"^^^ preserves the measure 
u. We let 6 = F nJ' {Y, v). Then is a factor of b via the map / Hf. Let {Z,t]) be a 
standard non-atomic probability space, and let b SQ ri denote the relatively independent 
joining of b and Sg^^i over 0. 

We now apply Lemma [7. II to son- Given F C F finite and e > there exists a measurable 
J : Z^\^ COS(F) such that r/^'\^(Zo) > 1 - e where Zo = {g e Z^\^ : J{Y ■ 9) = Y ■ 
J{g) for all 7 G F}, and with J{g) G Fg\r = Hg\T for all g G Z^\^ . We let : y x Z^^^^ ^ 
X be the map defined {u <^g ?7-\'")-almost everywhere by Lp(f,g) = f{J{g))- Then for all 
(7 G Zo and 7 G F we have = r{{Yf){J{Yg))) = TifiJig))) = lMif,9)) 

and 

JHJgJf 

= I I fiHdr]''\'^d9= [ fiHd9 = fi. 

It then follows that a ~< b Sg since for any measurable partition Aq, . . . , Ak_i C X of 
X, the sets Bq = lp~^(Aq), . . . , -B^-i = v^~^(Afc_i) form a measurable partition of F x X-^^ 
satisfying |/i(7"Ai n A^) - (z/ 0^ r/^\^)(7^^"5i n < e for all 7 G F. 

By the Rokhlin skew-product theorem there exists a standard probability space {Zi,t]i) 
and an isomorphism \E' of a with a skew product action d = [Zi^rji) k on the space 
{Zi X Sub(iir),?7i X 9). The isomorphism \E' is of the form \Ef(x) = (\I'o(x), F^,) and so the 
restriction of \I'o to Xh = {x : Vx = H} is an isomorphism of {Xh.Hh) with {Zi,r]i) 
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<\r 

almost surely. We now define an isomorphism $ : F — of b with se^rn by taking 
H^(f) = Hf and <!>{f){H-f) = ^^-ij^^((7-i)'^(/(i77))), where H = Hf. This is almost ev- 
erywhere well-defined since f{H'j) G Xh almost surely, which ensures that (7~^)"(/(if7)) is 
independent of our choice of representative for the coset H^y, and (7~^)°(/(if7)) G X^-ih^ so 
that we may apply "^y-ijj^. The map $ is equivariant since if Hf = H then Hgbf = SH6~^ and 

^{f){H6-^-f) = {6'^{f)){6H6-^-f). Finally, = r^f^ since 



= n {'^■y-^H^)*fJ'-y-^H-yde = / 



rj^ dU = Tj^ 

H-yeH\r 

and so b = sg^rn- Since if/ = H^(^f), this extends to an isomorphism of b ®0 sg^^ with 
se,rii ®6» •se.T? — sg^r]ixri — Sg^r), as was to be shown. 

We next show that (*) holds under the assumption that is ergodic. Let z G N U {00} be 
the index of 6. If i is finite then the orbit of almost every H G Sub(r) is finite so by ergodicity 
of there exists i^o ^ T of index i such that 6 concentrates on the conjugates of i^o- Then 
for some spaces (Zi, r^i) and {Z2,rj2) we have a = L^^x ar/Ho and d = L^^x ar/Ho where a,r/Ho 
denotes the action of F on the left cosets of Hq with normalized counting measure. Thus 
a d. li i = 00 then we let a = J^cLz drj and d = d^ dp be the ergodic decompositions 
of a and d respectively. By Proposition 13. 8^ type(a2) = 6 and type(d^) = 6 almost surely, 
and and d^, are non-atomic almost surely since 9 is infinite index. Letting b be any 
non-atomic ergodic action of type 9 the above case implies that a ~s b ~s d. 

Finally, we show that (*) holds in general. Let 9 = J^^^r dp be the ergodic decomposi- 
tion of 9. We then obtain corresponding decompositions a = J^a^ dp and d = J^d^ dp of a 
and d with type(a^) = 9^ = type(d^) almost surely. The above cases imply that ~s d^ 
almost surely. Theorem 13.121 then implies a d. □ 

Proof of Theorem \1.8\ .(2). Let 9 = type(a) = type(b). If is ergodic then by Proposition 
l3.8l almost every ergodic component of a and b have type 9 and so Theorem 1 1 . 8 1 and Corollary 
14.41 imply that a ~ x d and b ~ x d for some ergodic d of type 9 and some spaces 
(Zi, r^i), {Z2, rj2). Since F is amenable, d is not strongly ergodic, and since 9 is infinite index, 
d is no n- atomic, so by [AWllt Theorem 3] d ~ t x d and thus a ^ b. The general case now 
follows by considering the ergodic decomposition of 9. □ 

Appendix A. Ultraproducts of measure preserving actions 

In this appendix we establish some properties of ultraproducts of measure spaces and 
actions. 

Notation. We refer to |CKT-DlT] for background on ultraproducts of measure pre- 
serving actions and also |ES08j for background on ultraproducts of measure spaces. Our 
notation has some changes from that of jCKT-DlT] and is as follows. Given a sequence 
a„, = F r\°"^ {XniPn)i G N, of measure preserving actions of F and a non-principal ultra- 
filter W on N we denote by (n„«n)/W = F r>(n„an)« {{]\nXn)/U, (n„/^n)/W), or simply 
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au = T {Xu,fiu) when there is no danger of confusion, the corresponding uhraproduct 
of the sequence (a„). We let [xn] denote the equivalence class of the sequence (x„) G Hn"^" 
in Xn and we let [-B„] denote the subset of determined by the sequence (_B„) G Yin ^i-^n) 
of Borel sets. When x„ = x for all n then we write [x] for and when Bn = B for all n 
we write [B] for [5„]. Then Au = Au{Xu) = {[B^] : G n„-B(X„)} is an algebra of 

subsets of Xu and fiu is the unique measure on the a-algebra Bk{Xu) = a^Au) whose value 
on [An] G Au is fiu{[An]) = limn^u fJ'n{An) . We note that every element of Bu is within a 
/i^/-null set of an element of Au. 

The following proposition deals with lifting measure disintegrations to ultraproducts. 

Proposition A.l. Suppose that for each n G N the Borel map tt^ : (Ynji^n) {Zn,Vn) 
factors bn = T nv' (Ynyi'n) onto dn r\'^ {Zn,rjn) and let z/„ = J^^^ dr]n{z) be the disinte- 
gration of Vn over rjn with respect to iTn- Let bu = T r\^^ {Yu, vu) and du = T r\'^^ {Zu, f]u) 
be the ultraproducts of the sequences (bn) and (dn) respectively. Then the map ttu : Yu ^ Zu 
given by TCuilVn]) = [7r„(?/„)] factors bu onto dy. If for [zn] G Zu we let = {UnJ^^J/U 



(I) Each of the measures z/j^^j is a probability measure on {Yy, BuiYu)) and almost surely 

U[z„] concentrates on 7[^'^([zn]). 
(II) For each D G Bu{Yu) the map {Zu,Bu{Zu)) ([0, 1], B([0, 1])) sending [zn] ^ 

U[z„]iD) IS measurable and vu{D) = /[^^jg^^ ^[zAD) dr]u{[zn]) . 
(Ill) // [zn] ^ fi[z„] is another assignment satisfying (I) and (II) then for all D G BuiYu) 
almost surely iX[z^]{D) = U[z„]iD). 

Additionally, for almost all [z„] G Zu and every j eT we have (7*")*z^[2„] = z/^di^j^^]. 

Proof. It is clear that ttu factors bu onto du- Property (I) follows from the fact that for each 
n and z E Zn, each i/" is a Borel probability measure on y„ and almost surely concentrates 
on TT^^d^;}). Now let D be the collection of all subsets of 1^ satisfying (II). Given [An] G Au 
and V C [0, 1] open we have z/[2^](y4„) G if and only if [zn] G [{z : v^i^An) G V}], so that 
[zn\ I— z/[2^]([yl„]) is measurable. As in |ES08l Lemma 2.2] we have 



which shows that [An\ G D. Thus Au C Z>, and it is clear that Z) is a monotone class so 
Bu C D, which shows (II). Suppose now that t-)- ^u^^^j satisfies (I) and (II). Then for 
each [Bn] G Au{Zu) and D G Bu{Yu) we have f^^^^ fiiz„]{D) drju = vuiD n 7r^^([fin])) = 
J[B ] drju so that /i[2„](-D) = z/[^„](-D) almost surely, so that (III) holds. 

For the last statement let Bn C Zn be an invariant r^^-conuU set on which (7^")*^'" = i^^'d^z 



for all 7 G r. Then for all [zn\ in the r/i^-conull set [Bn\ C Zu we have for all 7 G F and [An\ G 
AuiYu) that (7^«),z/[,„](A„) = lim„^w(7'^")*<,(A„) = lim„^i^ z/:;,„^(v4„) = i/^d^[,^]([A„]) so 

that (7"'")*z/[,„] = □ 



The next proposition describes the ultrapower of a standard probability space with atoms. 



then 
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Proposition A. 2. Let {Z,ri) be a standard probability space and let A (1 Z be the set of 
atoms of {Z, rj). 

(1) If {Z,ri) is discrete then (MALG,,,(i^) is a compact metric space homeomorphic to 2^ 
with the product topology, and the map In : MALG.^ — )■ MALG^ given by /^^([-Bn]) = 
Ymvn^u Bn = {z E A : {n : z E G U} is a measure algebra isomorphism. 

(2) In general [A\ = {[z\ : z E A} E Zk is the set of all atoms of rju and the restriction 
ri\A of rj to A is isomorphic as a measure space to the restriction riu\[A] of rju to [A] 
via the map z ^ \z\. Under this isomorphism, letting C = Z \ A, we may identify 
{Zu,vu) wtth{[C]UA,{r]\C)u + v\A). 

Proof. First suppose that {Z, rj) is discrete. Witliout loss of generality we may assume Z = A. 
As sets we may identify MALG,, with 2^. Let 5o, Si, . . . be a sequence in 2^ converging in 
the product topology to some set 3^2"^. Given e > let F C A be a finite set such that 
ri{A\F) < e. For all large enough n, Bn and B agree on F, so that ri{B„A-B) < ri{A\F) < e 
and thus drj{Bn,B) — >■ 0. This shows that the map 2^ — MALG^ is a continuous bijection 
from the compact Hausdorff space 2^ (with the product topology) to (MALG^,d^), so it is 
a homeomorphism. It is clear that the map (p taking S C A to [5] C [A] is an isometric 
embedding of MALG^ to MALG^^^ that preserves all Boolean operations. If now [Bn] C [A] 
and limn^u Bn = B then [B]) = limn^u dri{Bn, B) = so that [Bn] = [B] and thus 

(p~^ = In which completes the proof of (1). Part (2) follows since (Z^y,?^) decomposes as 
{[C] U [A], {r]\C)u + {v\A)u) and part (1) shows that {[A], {r]\A)u) = (A,r/). □ 

Theorem A. 3. Let ao,ai,... be a sequence of measure preserving actions of T on the 
standard probability space (A, /i) and let au = T r\°''^ [Xu^^u) be their ultraproduct. Let 
Mq C MALG^^ be any subset such that {MQ,d^^^\MQ) is separable. Then there exists an 
invariant measure sub- algebra M o/MALG^^^ containing Mq that is isomorphic as a measure 
algebra to MALG^j. 

Proof. Let A C X he the collection of atoms of X and let C = X \ A. By Proposition 
IA.2[ (2). [A] C A is the discrete part of fj,u and x H- [x] is an isomorphism fi\A = fiu\[A]. 
Define a function Su : MALG^^ — )■ MALG^,^ first on subsets D C [C] by taking Su{D) to be 
any subset of D satisfying fiK^SuiD)) = and then extending this to all of MALG^^ 

by taking Su{D) = Su{Dn [C]) U{Dn[A]). Fix a countable dense subset Mi of Mq and let 
Bq C MALG^^ be a countable Boolean algebra containing Mi U {{[x]} : x E A} and closed 
under the functions Su and 7"^" for all 7 E T. Then the a- algebra M = ct^Bq) equipped 
with fill is an invariant countably generated measure sub-algebra of MALG^^ containing 
Mq. Since Bq is closed under Su, the atoms of Bq, and hence also those of M, must be 
contained in [A], and as M contains {[B] : B (1 A}, the descrete part of M is isomorphic 
to the discrete part of MALG,,. It follows that M = MALG^,. □ 

Proposition A. 4. Let a = F {X,fi) and b = F nJ' (Y, v) be measure preserving actions 
ofV. If a is weakly contained in h then then the measure space (A, yu) is a quotient of the 
measure space (F, v). If a and h are weakly equivalent then (A, /i) is isomorphic to (F, v) . 
In particular, the identity actions Lr^^ and are weakly equivalent if and only if {Zi,r]i) and 
{Z2,ri2) are isomorphic measure spaces. 
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Proof. Suppose first that a ~< h. Let : X — t- = 2 be any Borel isomorphism and let 
A = ($<^'"),/i. Then a = T rx" {K^ , A) and as a ^ 6 there exists A„ = ($<^"'^),i/ G E{b, K) 
with A„ A. By Proposition EH T r\' {K^ , A) is a factor of the ultrapower of b via 
$<^'*" where is the ultrahmit of the 0^. Thus a is also a factor of by so by Theorem IA.3I 
this implies (X, /i) is a factor of (F, z/). 

Now suppose that a and b are weakly equivalent. Then the measure spaces {X,fi) and 
(F, z/) are factors of each other, say vr : (F, z/) — )■ (X, /x) and 99 : (X, /i) — >■ (F, z/). Let 
y4 C X be the set of atoms of X and let i? C y be the set of atoms of Y. If fi{A) = 
then we are done since this implies both (X, fi) and {Y, v) are non-atomic. So suppose that 
li{A) > 0. It is clear that A C ip~^{B) and B C 7i~\A), hence /^(A) = z/(i?). Additionally, 
fil^-\B) \A) = 0, otherwise z/(5) = fi{^-\B)) > fi{A). Similarly u{7t-\A) \ B) = 0. 
Thus : (MALG^5,4^) ^ (MALG^^,d^^) and vr"^ : {MALG^^,d^J (MALG^^, rf^^) 
are isometric embeddings of compact metric spaces (Proposition IA.2| ) . so it follows that both 
7r~^ and (p~^ are in fact isometric isomorphisms. Since these maps are also Boolean algebra 
homomorphisms it follows that both are measure algebra isomorphisms. This shows that 
the discrete parts of (X, fi) and (Y, v) are isomorphic, from which it follows that (X, /i) and 
(y, v) are isomorphic. □ 

Appendix B. Stable weak containment 

In this appendix we establish some basic properties of stable weak containment of mea- 
sure preserving actions. Our development mirrors our development of weak containment of 
measure preserving actions. 

Definition B.l. Let A and B be two sets of measure preserving actions of P. We say that 
A is stably weakly contained in B, written A -<s B if for every P (X, fi) = a E A, for 
any Borel partition Aq, . . . , Ak-i of X, F C P finite, and e > 0, there exist nonnegative reals 
ao, . . . , ttm-i with ai = 1 along with actions P rx^"- (Fj, ui) = hi E B, i < m, and a 

Borel partition Bq, . . . , B^^i of J2i<m ^« ^^ch that 

\^^irA^ n A,) - (E.<™«i^i)(7^--''5. n B,)\ < e 
for all i,j<k and 7 G -F. (See §3.21 for notation.) 

The relation -<s is a reflexive and transitive relation on sets of measure preserving actions. 
We call A and B stably weakly equivalent, written A ~s B, if both A -<s B and B -<s A. We 
write a -<s B, A -<« b, and a -<s b for {a} -<s B, A -<s {b} and {a} {6} respectively, and 
similarly with ~s in place of -<s. 

It is clear that a -<s b if and only if a -< x6 : a. = (ao, . . . , Om-i) ^ [0, 1]™, J2i<m ~ 
1, m G N}, so by Lemma ISTl we have a -<s bif and only if a -< t x 6 if and only if t x a -< txb. 
From this point of view Theorem IL2I says that if a is ergodic then a -<s b ii and only if 
a ~< b. Theorem 11.11 implies that a -<s b if and only if E{a, K) C coE{b, K) for every com- 
pact Polish space K, and a ~s b if and only if coE{a, K) = coE{b, K) for every compact 
Polish space K. More generally, we have the following analogue of Proposition 13.51 which 
can be proved directly by using the same methods. 

Proposition B.2. Let A and B be sets of measure preserving actions of P. Then the 
following are equivalent 
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(1) A B; 

(2) [j^^_^Eid,K) C coiU,^^ E{b,K)) for every fimte K; 

(3) [_]^^_^E{d^K) C co(|Jf,gg _E'(b, i^)) for every compact Polish K; 

(4) U.,^^(d,2^)Cco(U.,H^(b,2^)). 
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